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Basic Formulas

The de

Broglie wave length

A=

p

The Schrodinger equation

Hp(r, 1) = ih o ab(r, 1

Stationary states
Hy(r,t) = E¢(r,t)
b(r, 1) = (r) - $(t), where ¢(t) = e~ 1B/

The Hamiltonian of one particle

H

h/g
=——V’+V
5 Vo V()

Probability flux

h

3(r) = 5— @@ (r)V(r) = (r) V™ (r))

© 2im

Equation of continuity

ot

0 P(r,t)+ V- j(r,t) =0, where

P(r,t) = [p(r, ) =4 (r,t)i(r,1)

Group velocity

Vg

o
- Ok

Operators
Physical quantity zr-representation  p-representation
Position coordinate x x T = ih%
Position vector r T ihV,
r-component of momentum p, —iha% Pa
Momentum p —ihV p
Kinetic Energy T' = % —%VQ ﬁP2
Potential energy V(r,t) Vir,t) V(ihVp,t)

Total energy T = % + V(r,t) —%VQ +V(r,t)

ﬁ]ﬂ + V(ihV,,t)

Commutator of operator A and B

[A,B] = AB — BA

Commutator algebra

[AB,C] = A[B,C] + |A,C)B

[A,B+C]=[A,B]+[A,C]
[Aa [Ba CH + [Ba [07 AH + [Cv [Av BH =0

Some usefull commutators

Expectation value

(A) = / Y* ApdV , where 9 is a normalized wave function.

Variance

Ad = J{(A=(A)?) = \/(42) - (4)?
Uncertainty relation

AAAB > | (4, B)|

Time dependence of expectation values

d i 0A
G =+ (5



The Expansion theorem Ladder operators for angular momentum (and spin)
Suppose that A is a Hermitian operator with discrete eigenfunctions u,, and
continuous eigenfunctions u,. Then the arbitrary function ¢ (z) may be
expanded in terms of u,, and u, as

1/’(55) = Z CnlUn

where

Li=L,+iL,

LiYim =h/1(I+1) —m(m=£1) Yt

[L.,Ly]=+hLy

[L?,L+] =0

Cyp = ur =<u >
n / n¥ nlt) Spin Operators

if h/0 1 h(0 —i h
s=3(10) 5=3(77) 5=3

/uflun =< Up|u, >=1 and /u,*nun =< Uml|u, >=0if m #n
General spin state

The time dependent solution is given by a 1
, x=a><++b><—=< )Wherex+=( >7X—=<
U(x,t) = chun(m)eﬂE”’t/h b 0
" Scalar product
Hermitian operators
The eigenvalues of a Hermitian operator A are real, and the eigenfunctions of A X'|x) = (¢* d) (
corresponding to different eigenvalues are orthogonal.

a

b ) =c*a+d'b

Angular Momentum L = r x p and Spin Special Solutions

Tunneling in the WKB approximation
Orbital angular momentum operator

L= —ifirxV IT|? ~ exp (—2/ ~dxy/2m[V(z) — E}/h)
barrier

L, = _mﬁ Tunneling at a potential step and a square barrier
o¢ Potential step of height V and particle of mass m incident from the left of
Eigenfunctions and eigenvalues to angular momentum operators energy E, E > V.

The eigenfunction are the spherical harmonics ¥;,,(6, ¢)

1 1
k1 = 7 2mE and ko = ﬁ\/Zm(E - W)

The transmission coefficient T is

L?Y;, = RA(1+1)Yi,

Commutator relations of angular momentum operators (and spin) T = | Stransmitted | = Ak kp and
| Sincident | (k1 + k2)?

[Ls, Ly] = ihL., with cyclic permutation
) ) R— | Sreflected | _ (k1 — ka)?
[L 7LZ] = [H, LZ] = [H7L ] =0 | Sincident | (k1 + k2)2




where S is probability flux.

T+R=1

Potential barrier of height Vy and width a and particle of mass m incident from

the left of energy E, E > V.

T 1+

h

Vi sin®(aa)
1E(E —Vh)

Ve Vo~ B |

Vi sinh?(aa)
1E(V; - B)

|

s

Particle in a square potential

The potential is V' (z) = 0 for 0 < z < a and infinite elsewhere.

n2n2h?

2ma?

if

(E<W)

(£ > V)

Density of one-particle states in a box of volume V'
As a function of energy

g(E)d’p =

The Fermi energy

N
EF = <V37T2

The Fermi velocity

[2EL
Vp =4 ——
m

)

2/3 12

2m

)

8/2 o
2

“VE

Note: No spin

Linear harmonic oscillator (in 1d)

1 1
V(z) = —ka? = imwaz

2
h? h? 1 h? 1
H=— 2 1% — 7v2 Zk 2 _ 7V2 - 2 2
om v TV = gV ghet = gV b gmee
Ladder operators for the harmonic oscillator
1 1
(—ip + mwz) and a_ = (+ip + mwa)

a =
* vV 2hmw

The inverse is

R I
(ar +a_)and p=1 r;tw

The action of a ladder operator on an eigenfunction

a+77[}n =vn+1 "r/)n—&-l and a—¢n = \/’E '(/)n—l

The commutstor of a4 and a_ is

vV 2hmw

T = (a4 +a-)

2mw

la—,aq] =1

1 1
H=hw <a+a+2) = hw (aa+—2)
E <n+1>h
n = 5 ) w

T z?
up(z) = Can(g)exp (—%2) ,

where H,(z) = Hermite polynomial of order n, and

cum (GE) () = [
T\ 2np) 7h Ve’

The eigenfunctions u, (x) of the harmonic oscillator satisfy the following
recursion relation

zu, () = % (Vn+ Tupgr (@) + Viug—1(z)) ,

b2
Pun(z) = & ( (n+ 1)1+ 2) s (z) + (20 + Dun(z) + V/n(n — 1) un,Q(x)) .
The Hermite polynomials satisfy the following recursion relation

Hu11(8) — 26Hn(§) + 2nHp1(€) = 0




Hermite polynomials

1 Hi(z) = 2z

2 Hy(x) = 42%-2

3 Hi(z) = 8x°—12x

4 Hy(r) = 16x*—4822+12

Eigenfunctions of the harmonic oscillator

Hydrogenic Atoms

The Schrodinger equation in spherical coordinates

2 2 2
( LI +v<r>) $(r) = Eyr)

_%;8r2r ' +2mr

Spherical harmonics Y, ,,(0, ¢) (Klotytefunktioner)

n_Pn(@) where « = \/mw/h
N7 .
vo@) = (%) et
1/2
L d(z) = <ﬁ) 2ame= 2"
1/2 1.2, 2
2 o(r) = (ﬁ) (4a22? — 2)e 20"
1/2 1,22
3 Ys(x) = (48‘1‘/;) (8adz3 — 12ax)e 2%
1/2 1,.2,.2
4 tha(z) = <3gfﬁ> (16044334 — 48a2x? + 12)e 2"
1/2 )
5 ¥l = (3843\/7?) (320°2° — 160032® + 1200z )e~ 2"«

I m Y ,,(00,0

0 0 Yoo =&

1 0 Yio = % cosf

1 £#1 Y141 =7F B TP ging

2 0 Yoo = 16%(300529—1)

2 +1 Yau1 =Fy/22et?sinfcoso

2 2 Yaio =./s2et¥sin’g

3 0 Ysp = 16% (5 cos® § — 3 cos 0)
3 £1 Y541 =7F 624—1# sin 0 (5 cos? 6 — 1) eti¢
3 £2 Y340 = % sin® § cos § e2i®
3 43 Yiag =F /2 sin®g eF3

64

Yiom = (=1)"Y]

l,m

Radial wave functions of hydrogenic atoms

n l Rn’l(T‘)
Vi 3/2 P
1 0 Ryor) :2(6) o—Zr/ao
2 \3/2 20\ o
0 nn =2()” 1 g) oo
1 Z 3/2 Zr —Z7 /2
2 1 RQJ(T') :ﬁ %/ Ee /200
3/2 2
R GO S L
3/2
31 Rl =8 (&) B (1 ) et
2v3 (2 \*/? (zr)? —Zr/3a
3 2 RS,Q(T) = 27758 (% (E) e 0
3/2 )
= Z 3zr | (Zr)®  (Zr)°\ —Zr/4a
i o R470(T) =2 (m (1 ~ dag + 8a2 192a8> e~ fr/ia




Associated Laguerre polynomials

3@
Li(z) = -1

Li(x) = 22-4

13(r) =2

Li(x) = —32%+ 18z —18
L3(z) = —6z+18

L3(z) = —6

Expectation values of r* in hydrogenic atoms

- % [3n2 = 1(1 + 1)] (‘LZO)

n2

(%) = 5 [5n? + 13810+ 1)] (2)2

= (2)

Energy of a diatomic molecule

:%+hw(n+1) ﬁjl(“rl) (1)

where I is the moment of inertia. In case of a diatomic molecule this equates to
I = /~LR2 _ _mcmo B2

mc+mo

E= Etrans + Evib + Erot

Electrical dipol radiation
Transition rules
Al =

+1 and Am; ==+1or 0

For a harmonic oscillator model of a diatomic molecule (see equation 1):

Al==+1and An==41o0r0

Perturbation Theory

The Hamiltonian H = Hy + H; where Hj is the un perturbed Hamiltonian with
a known solution ¢,, and H; is the perturbation.
First order perturbation

EWY =< ¢, |Hi|pn >

Hln
e ¢n+2—<¢;f' Wn> g,
k#n

Second order perturbation

< ¢k|H1|¢n > ‘2
B =3
k#n

First order perturbation, time dependent The transition rate from state a to
state b is given by:

Pya(t) =] c(t) |?

where
1 [t ,
()= 5 [ G| Ha(0) | )t
th Ji,
where
n Eb - Ea
Wpat = ————
h

Statistical Physics

The Boltzmann factor for a stat of energy F;
P; o< exp(—E;/kpT)
The Partition function (Tillstdindssumman)
Z = exp(~E;/kpT)
J
and hence

exp(—F;/kpT)

P, =
Z



Expectation value of n for a harmonic oscillator

1

n) = exp(hw/kgT) — 1

The average energy of a quadratic degree of freedom

1

Many Identical particles

The Fermi energy is given by:

N 23 p2
Er = ( — 3r? —
E (V ﬂ) 2m

Total energy of e Fermi gas:

Euop = gNEF

The density of states (spinless) is given by:

DI = 1 (27;”)/ Ve

Slater determinant:

Ya(r1) vp(r1) - Yu(ri)
oo L |tal) vslr2) - wulra)
wa(rn) wﬁ('rn) " %;(Tn)



