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1. (a) The eigenfunctions and eigenvalues of the particle are found by solving the
time-independent Schrodinger equation

n? d*u
5 da;(2 ?) + V(z)u(x) = Fu(x),
for 0 < x < a where V(z) = 0. This gives
d*u(x) 2mE
dx? h?
The general solution is Asin(kz) 4+ B cos(kz) for 0 < x < a. The boundary
conditions give
w0) = 0= B=0
u(a) = 0= sin(ka) =0= ka = nm where n =1,2,3, ...

+ k*u(z) = 0, with k =

Normalization gives

2
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The energy eigenvalues are given by

nk? B n*m?h’
2m " 2ma?

Thus

E =

(b) The states n =1 and n = 2 have E < 3% a“ It is possible to do the expansion

x) = Zciui where ¢; = /u;k (x)a(x) dz
i=1

The probability to measure F; or Ej is |c1|* + |cz|?, where

a /2 1 2 4v/2
cq = /\/sin(m>Nx(a—m) dw:...:Nm7 and
o Va a

3
a [2 2
o = /\/ in(m>Nx(a—x) de =..=0.
o Va a

-8
Normalization of «(z) gives

a® 30
1_/\a \da:—|N\/ (a—a)* dv = .. = NS0 — [NJ = =.

The probability is

e + |eaof’ =

‘ a’\/a 4\/" 960



2.

(a)

Use the spherical coordinates

xr = rsinfcosyp
xr = rsinfsinp
xr = rcost

to expand the wave function ¢ (z,y, z) as a sum of functions R(r)Y,, (0, ¢). This
gives

ar ar

Y = Nr?sinf cospsinfsin e " = Nr?sin®fsin ¢ cos pe~

= INr?sin®fsin2pe " = LN sin® . (e*% — e72%) r2e "
7

= SN2 (Yay — Yo o) 1% = N' (Yoo — Yas) 12",

where Y}, are taken from the COLLECTION OF FORMULAS. From the expansion
we see that the only possible values of [ and m are [ = 2 and m = £2.

Therefore, a measurement of L? will give the value L? = 2(2 + 1)h* = 6h* with
probability P(L? = 6A%) = 1. A measurement of L. will give the values
L. = £2h with probabilities P(L, = +2%) = P(L. = —2h) = 1/2.

The expectation value can be calculated as (A) = >, P;A;, where P; is the
probability to measure the value A;. Therefore we have

(L?) = 1-6h* = 6h* and
(L) =1/2-2h+1/2-(=2h) = 0.

The Schrodinger equation in spherical coordinates is given by

<h2182 L?

“omror T + V(r)> N’ (Yay = Yo o) r?e™®" = EN' (Yo — Yo o) r?e™

2mr?
If we use the fact that L?*) = 6h* and that

h2 1 82 ( 2 fow") _ h2 (6 ba + 062> 7“2€7m”7

“omror € 2m

r2
we can write the Schrodinger equation as

2

6 6a 6h
_h (2P BV =
{ om <r2 r +a)+2mr2+V(r) }w 0,

or

2 2
n (6—6a+a2>+ 6h +V(r)—E=0. (1)

2m \r? r 2mr?

Since the spherically symmetric potential V() — 0 as r — oo we have

K22

Com

E =

When this result is inserted into equation (1) we get

3ah?
V(r)=— —




3. Use a test function f(r,6, ¢) to calculate the commutator.

[L,,sing] f(r,0,¢9) = [—iha,singb] f(r,0,0)

oo
B " 0 . 9 : 10 4 0
= —1 % sin gbf(T? 7925) - Sln¢ -1 ng f(?“, ’¢)

= —ihcos¢f — ihsin ¢2(J; + il sin ¢g£
= —ihcosof(r,0,9).

Thus, [L,,sin ¢] = —ih cos ¢.

4. (a)

()

5. (a)

For a hydrogen atom we have the quantum numbers n, [, m, and s. Here we
neglect the spin quantum number s. From FYSIKALIA we find that the energy
is given by ] ) ,

e A A

E, = 82202 e 13.6 - 3 eV.

For a given n we have [ = 0,1,2,...,n — 1 and for a given [ we have
m=—Il,—l+1,....,1 —1,1. Thus, for a given n there is a n-fold /-degeneracy and
each state with a given [ exhibits a (2] + 1)-fold m-degeneracy. Therefore, the
energy level F, is

n—1

> (20 + 1) = n*fold degenerate.
1=0

The first order energy correction E for the perturbation H is
EY = (¢u| Hilon) ,

if the Hamiltonian is H = Hy + H; and ¢,, are eigenstates to Hy. Here we have
Hy =¢/r3 and ¢ = Vi = Ru(r)Yim(0, ). Thus,

— € Z 3
EWY = ¢ <wnlm!7’ 3|¢nlm> - n3(l+1/2)(1+ 1)) (ao) '

The expectation value (r—3) is taken from the COLLECTION OF FORMULAE.

The the spin-orbit interaction will cause a small amount of energy splitting
between the [-degenerate states.

The solution to the time-independent Schrodinger equation is

u(z) =e* + Re~hkr | = Y2mE <0,
u(x) =Te"r" ,q:w ,x >0
The continuity conditions at x = 0 give
T=1+R
2k k—
=T =~ and R= fq
igT = ik(1 — R) ta ta
Thus,
u(xr) = e 4 ’;—;Ze”'kx o <0,
u(zr) = ,f—fqeiqx ,x >0



(b) The transmitted part is given by the transmitted probability flux divided by the
incoming probability flux, i.e.

hq, .o [k q .9 4qk 4qk
e e R e
m m k (k+4q) (k+q)

Therefore, the number of transmitted particles per time unit is

4qk
_Z9E N
(k+q)?
6. A measurement of the spin component in the direction n = cos ¢ + sin ¢y gives the
value h/2. The spin operator S; is

SA—h 0 cosp—ising \ _h [ 0 e
"9\ cosp —isingp 0 T2\l e® 0

The eigenvalue equation is
hf 0 e a a

We find the eigenvalues from

h ip 2
— 7 J—
26 A

_ h —ip
‘ A e :oiA:iZ

(a) The spin state corresponding to A = +%/2 must satisfy the eigenvalue equation

Eq. (2), ie.
fa) b e~ 1 e~
Xa+ = b - 1 = Xa+ = ﬁ 1 )

where the normalization condition |a|? 4 |b]* = 1 was used in the last step.
Other correct solutions can be found by a multiplication with an arbitrary phase
factor exp(ia).

(b) A general spin state can be written as x = axy + bx_, where x, is spin up and
X— is spin down in z-direction. For x;, we find that the probability to measure
spin up, i.e. S, = h/2 is |a]? = |[e7*/\/2|?> = 1/2, and that the probability to
measure spin down, i.e. S, = —h/2is [b]> = [1/v2]> = 1/2.



