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Division of Physics

Solution to written exam in QUANTUM PHYSICS F0047T
Examination date: 2014-03-18
The solutions are just suggestions. They may contain several alternative routes.

1. (a) zhag coswt = —ihwd sinwt = —iliw? coswt  YES

(b) Zetkr = jkeihe YES

(c) %e“”Q = —2aze™" NO

(d) Zcoskx = —ksinkz NO

(e) Zkx =k NO

(f) Psin(kz) = sin(—kz) = —sin(kz) YES

(g) —ih2C(1+2%*) = —ihC(0+22) NO

(h) —22Ce™3 = —2C(-3)e™® o« ¥(2) YES

(i) $(z%— %)ze‘éZQ =7 This has to be done in some steps. Start by doing this derivative
first: — £ P em37 = —%(6_%z2 22em37) = —(—ze 27 — 2z 2% 4 ZBe2?) =
3ze2% — 3e737

Now you 80 back to the start: §(22 — 2)ze 7% = C(2%e 37 + 3ze 37 — 2Pe 77") =
C(+32¢e727") = oc (z) YES
2. The task is to calculate the change of the energy levels (ground state Ey and first excited state
E1) for a harmonic oscillator due to a perturbation H' to the potential.

The two harmonic oscillator eigenfunctions that are of interest are :

o o mw
o(z) = = 2% and () = [ —=2ax e 2" where a =/ —

2y/m h

(a) Here we have a perturbation yz* where 7 is small in some sence. The first integral to
calculate (use integration by parts) will be for the change of the ground state energy

(07| 0) = [ i)yt vo()de = [ Jert e = far =y = [vt ey

where the integral taken separately will be
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—y? _ y — Yy-ioo —_oTY — —
/— y ey = [ 6 / == 4 e % /—oo 46 4\/7_T

Hence the shift of the ground state energy will be
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(0] ~z" | 0) = 4f4\/' 4a4—4<mw

The energy of the unperturbed groundstate is Fy = %“’ Hence the energy of the perturbed
groundstate is

2 4 \mw
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(b) Here we have a perturbation ex where € is small in some sence. The integrals to be
calculated are (0 | ez | 0) and (1 | ex | 1). The squares of both eigenfunctions are even
functions and as the perturbation is odd both integrals will be zero.

Hence there is no change in energy to first order.

3. The eigenfunctions and eigenvalues of the free-particle Hamiltonian are found by solving the
time-independent Schrodinger equation
n? d*u(x)
2m  dz?

+ V(z)u(x) = Fu(z),

with V' (z) zero everywhere. Thus, the eigenvalue equation reads

d*u(r)
dx?

+ k*u(z) = 0,

where k? = 2mE/h*. The eigenfunctions are given by the plane waves ¢** and e~ or linear
combinations of these, as e.g. sin kx and cos kz.

(a) The wave function of the particle at ¢ = 0 is given by
Y(x,0) = cos®(kx) + sin®(kx).

This is not an eigenfunction in itself but it can be written as sum of eigenfunctions using

the Euler relations
eikx + efikx 3 eikm - efikx 3
0 = _— _— = 1

1 13kx ikx —ikx —13kx 1 13kx ikx —ikx —13kx\ __

é(e + 3™+ 3" +e )—Q(e — 3" 437" —e )— (2)
3 1 3 . 1.
1 cos(kz) + 1 cos(3kx) + 1 sin(kz) — 1 sin(3kx) (3)

Thus, ¥(z,0) can be written as a superposition of plane waves with two different values of

ki = k and ky = 3k.

(b) The energy of a plane wave ¢** is given by E = h?k?/2m. Thus, the energy of ¢#1* (or
e~ 1) is By = h?k?/2m and the energy of ¢*2% (or e=*2%) is E, = h?k2/2m = 9h°k?/2m.

(c) The function u(x) = ¢ is a solution to the the time-independent Schrédinger equation.

The corresponding solutions to the time-dependent Schrodinger equation are given by
u(z)T(t),with T(t) = e=*Pt/" Therefore, u(x)T(t) = e!**=Et/") A sum of solutions of this
form is also a solution, since the Schrodinger equation is linear. This means that if ¢(x,0)
is given by equation (3), then the time dependent solution is given by

P(x,t) = ; (€i3kx i €—i3kx) e—iBat/h | : (eilm I e—ikx) Bt/ n
81@' (eiSka: B 6—i3k:z> e~ iEat/h ;’Z (eikz . 6—ikz> o—iBLt/h (5>

where . -
E, = o and Fy = o )



4. a The strategy is to rewrite the wave function as a series of eigenfunctions. The three harmonic
oscillator eigenfunctions (from PH) that are of interest are (evident from the powers of x present
in the wave function):

bolz) = \?% e=39%  and o (z) = Qizgzagfe—éa%ﬁ
[« mw
o) = Sﬁ(4a2x2 —2)e —29%"  where o = 5

Start by making a change of variables:

mw d mw
= _— — n — -
Y=/ 5 r=ar a « 5

With this change the eigenfunctions become:

oly) = j‘% %(y)z,/Qj%zy eI y(y) = 837;(43/2—2)

Start with the wavefunction:

U(z,t = (1 yo, /¥ ) A(l = 2y)2e /2 = A(1 — 4y + 4y?)e v/

Start with the y? term:

Valy) = | [grz (" —2) ¢ transforms to (4 ~2) ¢ 17 =y VT ()

In a similar way we rewrite the two others

2y e =2 y) and e3P = [V

Now we are ready to make an identifacation like: This we can identify in the following manner:

U(z,t = 0) = Cotho(x) + Craby () + Corha()

U(z,t=0) = A(l—dy+4y?)e™/? = \/71/10 2\/2;{%%(9)4‘\/ S\O{E%(y)*‘z\/?%(y))
U(z, t—O \/71750 —2\/ w 8\0{%1%(2/))

In order to calculate the expecation value of the energy we need to normalize the wavefunction.

2

AY(9+8+8) = A%25 =

Sie



Solving for A gives

U(z,t=0)= \/ﬁ (3\/?%(31) - 2\/?1/11(11) +

8/
%(Z/))
o
And finally the wavefunction is expressed in terms of eigenfunctions

U(z,t=0) = iwo(y) - \/iwl(y) + @wxy)

Now we can calculate the expecation value of the energy as

9 hw 8 Jhw 8 Shw 73hw
E = H = — _ _ =
(H) 25 2 + 25 2 + 25 2 50

b The general expresssion for W(x,t) is ¥ (z,t) > o Catn (@) EnM a5 B, = (n+ $)hw we get

(I t) 7¢0 —zwt/? \/>1/1 —z3wt/2 \/>1/} —szt/Q
e 2 (g%(y) - \/i@/h (y)e™ + \/i@/}g(y)e‘”“t)

The important issue is to change the negative sign to a positive ie. e=** = 1 and hence

wT = mm and the smallest non zero time is therefore T = 7/w. (The second term e+ is

allways 1 under this condition. The smallest time is

T =

™
w

5. (a) (H) =30.254 5095+ §2.12 + 5;3.23 4+ 5;4.79 = 1.05000 ~ 1.05eV.
Uncertainty is defined by: (AH) = /(H?) — (H)?
(H?) = 30.25% + 10.95% + $2.122 + ;3232 4 5;4.79% = 2.39665 ~ 2.40eV?.
(AH) = /2.39665 — 1.05% = 1.1376 ~ 1.14eV

(b) The expression is not unique as we only know the probabilities which are the squares of the
coefficients. In the evaluation of (H) and (H?) only the probabilities are important thats
why a different sign + is of no importance in this calculation.

One is: U(z) = %1&1 + \[1/12 f@/)s z) + £¢4(2) + 5 5(2).
Another is: U(z) = %@/}1 + \[wz \[?/)3 z) — g%;(z) + 5705(2).
(c¢) It would be lowered by a factor of 9. (All eigenvalues change by a factor of 9)




