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The solutions are just suggestions. They may contain several alternative routes.

1. Same/similar as problem 4.4 in Bransden & Joachain. In the region where the potential is zero
(z < 0) the solutions are of the traveling wave form ¢** and e~** where k* = 2mE/h*. A plane
wave 9(z) = Ae’**=%") describes a particle moving from x = —oo towards 2 = co. The
probability current associated with this plane wave is
j = %mz | A |2 (e—ikx%(jﬂkx _ eﬂkw%eﬂ'kz) :| A |2 %k :| A |2 v

A plane wave 1(z) = Be!(7F*=%!) describes a particle moving the opposite direction from z = oo

towards x = —oo. The probability current associated with this plane wave is

j:%|B|2<€+ikI%€_ik$—E_ikxé%e—i_ikm):—‘B‘Q%k:—|B|2U
a Solution for the region x > 0 where the potential is Vj = 4.5eV. The potential step is larger
than the kinetic energy 2.0 eV of the incident beam. The particle may therefore not enter
this region classically. It will be totally reflected. In quantum mechanics we perform the
following calculation: The two solutions for the two regions are:

W(z) = Ae** 4 Be=**  for 1 <0 where k?*=2mE/h?
T | Ce® +De " for x>0 where x®>=2m(Vy— E)/h*

we can put C' = 0 as this part of the solution would diverge, and is hence not physical, as =
approaches co. At z = 0 both the wavefunction and its derivative have to be continous
functions, as the potential is everywhere finite. The derivative is:

oV(x) [ Aike™™™ — Bike %"
or —Dre™ "

At z = 0 we arrive at the following two equations:
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We can now calculate the coeficient of reflection, R The coeficients represent the following
amplitudes: A is the incident beam, B is the reflected beam and C' is the transmitted
beam. The associated probability currents are denoted j4,jp and jo. Conservation yields
Jja = jp + jo. Hence we can define the coeficient of reflection as the fraction of reflected

flux R = % and the coeficient of transmission as T = %
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This is easily seen from the ratio B/A being the ratio of two complex number where one is
the complex conjugate of the other and therefore having the same absolute value.
Imidiately follows that T = 0 as the currents have to be conserved.



(b+c) Solution for the region x > 0 where the potential is V = 4.5eV. The potential step is
smaller than the kinetic energy 7.0eV or 5.0eV of the incident beam. The particle may
therefore enter this region classically. It will however lose some of its kinetic energy. In
quantum mechanics there is a probabillity for the wave to be reflected as well. The two
solutions for the two regions are:

(z) = Ae*® 1 Be=**  for 2 <0 where k?=2mFE/h?
| Ce*T 4 De”™** for x>0 where k?=2m(E—V;)/h?

whe can put D = 0 as there cannot be an incident beam from x = co. At z = 0 both the

wavefunction and its derivative have to be continous functions. The derivative is:

oV(zx) [ Aike™™™ — Bike ™"
o - Cik/eik’x

At x = 0 we arrive at the following two equations:
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A+B=C solving for AR solving for 4 VEREW
Ak — Bk = CFK Ving B _ k=K Ving B _ VE-VEVq
A k+E A VE+VE=V,y

The coeficients represent the following amplitudes: A is the incident beam, B is the
reflected beam and C' is the transmitted beam. The associated probability currents are
denoted j4,jp and jo. Conservation yields j4 = jp + jo. Hence we can define the
coeficient of reflection as the fraction of reflected flux R = % and the coeficient of

transmission as T' = % For the two cases in part b and ¢ the coeficients are:

R — lizl Qk:(§> (fx/ﬁ) (WW):0.26987
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R =zl — Bl (5) (§+%) :(%) = 0.063437
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=1 =% = (5) 0 = (i) Yot = (Geiims) Vs = 0.936563
The last result could also be reached by T'+ R = 1.

2. A measurement of the spin in the direction n = sin(§)é, + cos(})é. %éy + %éz. The spin

operator Sy is

1 1 h 1 —
Sp=—=8,+—=5.=—= | _
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The eigenvalue equation is

wonn gty 3)(3)2(2)

We find the eigenvalues from
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The eigenspinors to S,, corresponding to the +% we get from

Gl (E)-40)

a b —1
———=a&a \/5—1 = —ib let b=1 and hence a = ——
V2 V2 ( ) V2 -1

This gives the unnormalised spinor

( va-l ) and after normalisation we have y;, = ——— ( i )
: 2(2+/2) !

Now we can expand the initial eigenspinor y. in these eigenspinors to S,,, the second
eigenspinor you can get from orthogonality to the first one.

o) mm T ) P ()
0 22+v2) \ 1 2(2+v2) \ Vi1
The coefficients are subjected to the normalisation condition |A|? 4+ |B|? = 1. The coefficient A
can be obtained by multiplying the previous equation from the left with x; _ .
1 ( i 1) . ( 1 > B i 1
22+v2) \ V2-1 0 V2—-1 P+ 2)
The probability (to get +2) is given by |AJ%.

‘A’2:3+2\/§
4422

A:

= 0.8535533906

and (to get —2%) for |BJ%.

1
|B|? = ———~= = 0.1464466094

4+ 2v/2

To find the probability for —i—% in the z-direction for the up state of .S,, express the state in the
eigenspinors to S,.

Xﬁ+:2(21+\/§)<_¢1§_1>:_\/§i—1' 2(21+\/§)<(1)>+2(21+\/§)<(1)>

The probability is given by the square of the coefficient:
2

|— ! ! — 0.8535533906

V2-1 h2+v2)

. The eigenfunctions and eigenvalues of the free-particle Hamiltonian are found by solving the
time-independent Schrodinger equation
h? d*u(x)
2m  dx?
with V' (z) zero everywhere. Thus, the eigenvalue equation reads
d*u(x)
dzx?

where k% = 2mE/ h*. The eigenfunctions are given by the plane waves e’
combinations of these, as e.g. sin kx and cos kx.

+ V(z)u(x) = Eu(x),

+ K*u(z) = 0,

¥z and e~ or linear
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(a) The wave function of the particle at ¢t = 0 is given by
Y(x,0) = cos®(kx) + sin®(kx).

This is not an eigenfunction in itself but it can be written as sum of eigenfunctions using

the Euler relations
eikx + e—ikac 3 eika: _ e—ikax 3
0= |—"" ) = )
e e R G 2)

1 13kx ikx —ikx —i3kx 1 z3kx ikx ikx —i3kx\ __

g(e + 3™ +3e7" +e )—g( — 3™ + 37" —e )7 (3)
3 1 3 . 1.
1 cos(kx) + 1 cos(3kx) + 1 sin(kz) — 1 sin(3kx) (4)

Thus, ¥ (x,0) can be written as a superposition of plane waves with two different values of
kl = k and k?g = 3k.

(b) The energy of a plane wave ¢** is given by E = h?k?/2m. Thus, the energy of ¢#1* (or
e~ 1) is By = h?k?/2m and the energy of e*2% (or e=*2%) is Ey = h’k2/2m = 9h°k?/2m.

(c) The function u(x) = ¢** is a solution to the the time-independent Schrodinger equation.
The corresponding solutions to the time-dependent Schrodinger equation are given by
u(z)T(t),with T(t) = e Pt/ Therefore, u(x)T(t) = e!**=Et/") A sum of solutions of this
form is also a solution, since the Schrédinger equation is linear. This means that if ¢ (z,0)
is given by equation (4), then the time dependent solution is given by

1, . , , 3, ‘ '

Q/J(x’t) = g (613km + efszz) eszzt/h + g (ezkx + efzkm) eszlt/h + (5>

Q (ez3kx . €—z3k:c) e—zEzt/h - g (ezkx . e—zkx) e—zElt/h (6)
where - .
hk 92k

El - and E2 = (7>

2m 2m

4. The task is to calculate the change of the energy levels (ground state Ey and first excited state
E1) for a harmonic oscillator due to a perturbation H! to the potential.

The two harmonic oscillator eigenfunctions that are of interest are :

Yo(z) = \;)% e Uy (z) = 1/2\O;E204x e 2" where a = %

(a) Here we have a perturbation yz* where 7 is small in some sence. The first integral to
calculate (use integration by parts) will be for the change of the ground state energy

Ot [ 0) = [vyla)ratvoe)de = [ gt e = far =y = T [y e ay

where the integral taken separately will be

= 3! ~ 3 3
/_ yeydy—[—fe v]ee +/ Y= [- %6‘y2]‘i°oo+/_ L=V

Hence the shift of the ground state energy will be

Ol 0= L tr= BB (Y

aty/T4 4ot 4 \mw
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The energy of the unperturbed groundstate is Ey = %“ Hence the energy of the perturbed
groundstate is

2 4

mw

2
Eé)erturbed _ hw 4 3y ( h >

(b) Here we have a perturbation ex where € is small in some sence. The integrals to be
calculated are (0 | ex | 0) and (1 | ex | 1). The squares of both eigenfunctions are even
functions and as the perturbation is odd both integrals will be zero.

Hence there is no change in energy to first order.

3 3
Yip=1/-—cos(d) and Yy = - sin(f)e=?
’ 4m ' 8w

the wave function can be written as

5. (a) As

1 /s 1
Y= yy (e“ZS sin(6) + COS(@)) g(r) = \/>(—\/§Y171 +Yi0)g(r).
s 3
Hence the possible values of L. are +h and 0.
(b) Since

1 00 ™ 2w 1 T
/yw 12:7/ | g(r) |2 r2dr/ d@/ (1+cos¢sin20)sin0d¢:f/ sinf df = 1,
47 Jo 0 0 2 Jo

the given wave function is normalised. The probability density is then given by P =| 1 |°.
Thus the probability of L, = +h is | \/g 2= 2 and that of L, =0 is | \/g ?= 3.

(¢) The expectation value of L, is

<L.>=| ﬁ 2 (+h)+ | ﬁ JOR



