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The solutions are just suggestions. They may contain several alternative routes.

1. (a) The parity of a hydrogen eigenfunction 9, (r) is given by (—1)!. The given wave function
U(r) consists of eigenfunctions with the same parity. Hence W(r) has a definite parity.

(b) The probability is given by the absolute square of the coefficients.
(U(r,t=0) = L (3¢100( ) = 2thago(r) + Y320(r) — P322(r)))

4 1 1

The probablhtles are (in order) -2 it 15 150 15

do.

(c) The energy of a single eigenstate is given by: F, = eV. The expectation value is

givenby<E>— =(— 131256)—{—%( 1%‘56)%-%( 1?5'256)+1—15( 133256)—

—13.56(5% + 55 + 15 + 1) = —9.240889 &~ —9.24 eV

The operator L? has eigenvalues h2[(I + 1). The expectation value is given by
SL2>= 504 404 5202+ 1) + (222 + 1)) = 2R = i1

The operator L, has eigenvalues hml The expectation value is given by

< L, >—15 O+E O+ﬁ 0+ (h?)— =h

as a check they sum up to 1 as they should

_ 13.56 56

2. (a) The mean position of the particle is
<z >= / W (x)z* (x)de = / ze " dy =0
(b) The mean momentum of the particle is

k2
\/_
> h, d ) )
<po= [Twr@hCuant = I [ e oty g

(¢) The Schrodinger equation

(_h_“ﬁ i V(.r)) b(z) = Bu(a)

2m da?

can be written as

K2 d?
o g2 (z) = [E = V(2)](z).
As K2 d? h?
2,2 2,2
" omdaz’ o= _%<_72+74x2)6 T
we have
h? 2 4.2
E-V(z) = -5 (=" +77")
or h2 h2 2 h2 4.2
_ v 9 4.2 vy
V(ﬂf)—Qm( 7+7:v)+2m o,



3.

(a)

Let the commutator act on a wave function ¥(y) and p, = —ih%

2 2 (2 2 2
2, 210 (y) = —RA(pPE — PR g2 (2 ER 2P gyt 9g(y))
+h220 (y) + 4yh2d\5—?gy) = (+h*2 + idhyp,) ¥(y) concluding for the commutator:

[3/27])13] = +2h% + dilyp, = +2h* + 47i2y%

The energy levels for a hydrogen like system are given by: E, = —13. 6 [ V], here we have
Z=4:AE=EF(Q2s)—E(ls) = Ey — E; = —13.54 - (———)—1354 3 =162.48 eV

The angular part of the wave function can be written as a spherical harmonic:
3cos? 0 — 1 o Yo

Which gives [ = 2 och m = 0. The part depending on r (?/a’)e™"/3% corresponding to the
principal quantum number n = 3 och [ = 2 consistent with Y5.

Let the commutator act on a wave function W(z) and p, = —ih%
2 T 2 (2 x 2 T 2 x x
22, p2] U (z) = —h%(z 2d \I/( ) _ d (d;/( ))) K2 < 2dd‘1;(2 ) —xQd;;(z ) _4xd\1;9(6) _ 2\1,(1.)) —

FR220 (z) + 4eh? P28 — (1122 + idhap,) U(z) concluding for the commutator:
(22, p?] = +2h? + 4ihap, .

The energy levels for a hydrogen like system are given by: E, = —13.65—22 [eV], here we have
Z=+43: AE=FE(2s)— E(ls) = Ey— E; = —1354 - (% — %) =13.54 - 2 = 91,53 eV

The angular part of the wave function can be written as a spherical harmonic:
3cos? 0 — 1 o Yo

Which gives [ = 2 och m = 0. The part depending on r (T2/ai)e*7"/3““ corresponding to the
principal quantum number n = 3 och [ = 2 consistent with Y5.

Let the commutator act on a wave function ¥(x) and p, = —ih%
(22, 20 () = R (a2 — LR g2 (200 2800 gt 9y (r)) =

+1220 (z) + doh? P2 = (4122 + idhap,) ¥ () concluding for the commutator:

(2%, p?] = +2h° + 4zhxpx .

The energy levels for a hydrogen like system are given by: E, = —13. 6Z . [eV], here we have
Z =+43: AE=F(Q2s)— E(ls) = Ey — E; = —13.54 - (22 — )—1354 27 =91,53 eV
THIS IS NEW CHANGE

The angular part of the wave function can be written as a spherical harmonic:
3cos? 0 — 1 o Yo

Which gives [ = 2 och m = 0. The part depending on r: (r/a,)(1 — @)e*”/?’a“

corresponding to the principal quantum number n = 3 och [ = 1 not consistent with Y5,
i.e. this is not a proper wave function.

zhw sinwt coswt = ihw g (cos® wt — sin® wt) = —ihw?2(sinwt coswt) o Y(t) YES

iho

D5 (cos? wt — sin® wt) = —ihwd L (sinwt coswt) = —ihw?4(cos* wt — sin® wt) oc P(t) YES



(c) Zsinkx =kcoskx » (z) NO

(d) Zka*=k2z »~ ¢(z) NO

1 2 . . . . . .
(e) §(z*— %)ze 2" =7 This has to be done in some steps. Start by doing this derivative
1 22 1.2 2 1.2 1.2 1.2
first: 88226 2% = —%(6_52 — 22737 )= —(—ze72% —2z¢72% 4 272 ) =
3ze"27 — e 27
. Cr.2 Fo —122_ C(, 3,122 —1x2 3,—122\ _
Now you go back to the start: 5 (2% — 55)ze7 2% = S(27e72% 4 3ze7 2% — 2%¢72%) =

C(+32¢727) = x ¥(2) YES

%(eikx + e—z‘k:p) _ Z'k:(eik‘r _ e—z‘kx) < ¢($) NO
cos(kx) = cos(—kx) = cos(kz) = ¢(z) YES

—%‘ﬁCe_wz = —EC’(—w)e_“Z x ¥(z) YES

—ihZC(1+ 2%) = —ihC(0+ 32%) » ¥(z) NO

7. This is a 2 dimensional problem with a Schrédinger equation (where V(z,y) = 0) like

h d? h? d?
—%@‘I’(%y)—z—ﬁ‘l’( y) = EV(z,y)

This equation is separable and the ansatz W¥(x,y) = ¥ (x) *x ¥ (y) gives the following result

h? d? h? d?
) - %d_y?%@) = Extha(2) + Eytby(y)
ie two independent one dimensional Schrodinger equations one for the variable z and on for y.
We therefor solve the one dimensional problem first and after that we construct the two
dimensional solution. To find the eigenfunctions we need to solve the Schrédinger equation
which is (in the region where V' (z) is zero)
n* d?

d? 9 5  2mE
_%@@:E\p — @\P—I—k‘ V¥ = (0 where k° = 72

Solutions are of the kind:
U(z) = Acoskx + Bsinkzx

Now we need to take the boundary conditions for the wave function ¥ (¥(—%) = ¥(%) = 0) into
account. N
a

2

Adding the two conditions gives: cos(®2) = 0 and subtracting them gives sm( 2) = 0. These two
conditions cannot be fulfilled at the same time, so either A or B has to be zero. We start with

Acos(—%) + Bsm(—%) =0 and Acos(k2 )+ Bsin(—) =0

Im)

A =0 and we get the following solution: The normalising constant B = \/g you get from the

condition fa/ , | ¥ [*dz = 1. The condition sin(%*) = 0 gives 5 = Z « (even — integer). The

solution is:
T n?mw2h?

2
() = \/;sin(nT) with eigenenergys £, = TN aE where n =2,4,6,... (1)



In a similar way the other function is analysed (A = 0) which gives: The condition cos(%) =0

gives 2 = T x (odd — integer). The solution is:
B 2252
() = \/jcos(w) with eigenenergys £, = 7;]\7;—2 where n=1,3,5, ... (2)
a a a

The eigenfunctions in the y direction are the same as for the x direction as the potential is
similar for this direction. Now we have the eigenfunctions of the one dimensional problem and
the solution to the 2 dimensional problem is readily produced. The eigenfunctions are:

Um(x,y) = ¥n(x) - ¥ (y) eigenenergys E, ,, = E, + E,where n =1,2,,. and m =1,2,,. (3)

In the area where the potential is infinite the wave function is equal to zero.

An alternative route taken by many students has been to present a calculation with the
following boundary conditions: ¥ (¥(0) = ¥(a) = 0) into account. In this case the solution is
for these boundary conditions:

5 2,252
p(x) = \/jsin(@) with eigenenergys F,, = ) where n=1,2,3,.. (4)
a

a 2Ma?

This solution has to be adapted to the boundary conditions related to this exam problem:

2 2 2h2
Up(z) = \/jsin(n—w(:z: + g)) with eigenenergys F, = nr where n=1,2,3,... (5)
a

a 2 2Ma?
Yn(x) = \/%sin(% + ) = \/g (sin(“22) - cos(™T) 4 cos(™2£) - sin()). We see that we recover

the solution in eq (1), (2) and (3) as we let n run from 1 to oco.

b) Now we turn to the question of parity, ie whether the wave function is odd or even under a
change of coordinates from (z,y) to (—z, —y). The one dimensional eigenfunctions in eq (1) and
(2) have a definite parity. The functions in (1) are odd whereas the functions in (2) are even. As
the eigenstates for the 2 dimensional system are formed from eq (3) ie products of functions that
are even or odd the total function itself will be either even or odd as well.

The four lowest eigenenergies are given by
R

2 Ma?

When we form the eigenstates we need to keep track of the parity of the ¢, (x) and ¢,,(y). It is
therefore necessary to have the functions in the form like in eq (1) and (2) to identify the parity

as odd or even. This is difficult if you try with functions like eq (5) even though it is a correct
eigenstate it is hard to identify their parity.

(n® +m?), where the 4 lowest are (n? +m?) = 2,5,8, 10.

E;; = one state (n® +m?=2) even * even = even

Ey9 = Ey; = two states (n>+m?=05) odd * even = odd

Ey9 = one state (n? +m? = 8) odd * odd = even
E, 3= E3; = two states (n®* +m? =10) even * even = even

So of the four energys (states) only one is odd and three are even.



