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1. The eigenfunctions of the infinite square well in one dimension are (Here a solution of the
S.E. in one dimesion is adequate)
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() = \/jsin PTT and the eigenenergys are F, = TR where n= 1,2,3, ...
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In two dimensions the eigenfunctions and eigenenergys for the rectangular well are (Here
an argument about separation of variables is needed)

() = and the eigenenergys are F, = where m=1,23, ...
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U,m(2,y) = ¥y (2)-¢m(y) and eigenenergys E, ,, = E,+E,, where n=1,23,..andm =1,2,3,..

a) The eigenfunctions inside the rectangle

2 2
U,m(z,y) = \/;sin n;m: 4/ T3a sin ﬂ\;gz where n=1,2,3,..and m=1,2,3,..

The eigenfunctions outside the rectangle U,, ,,(x,y) =0
b) The five lowest eigenenergies are
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Epm = a2 (n®+—), where the 5 lowest are (n°+ 5 )=1.5,3,4.5,5.5,6, 8.5 and 9.
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c) The five lowest eigenenergys have degeneracys (not degenerate !) as follows:
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E; 1 = one state (n2 + 5 = 1.5)
m2

E,5 = one state (n®+ 5 = 3)

2
E,; = one state (n® + o 4.5)
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E,3 = one state (n®+ 2 - 5.5)

E,, = one state (n® + % =6)

2

Ey3 = one state (n®+ % = 8.5)

2
E, 4= one state (n®+ % =9)



2. The pressure is given by P = kgT ( 9lnz )T = gﬁ’gﬁ — “‘]/\22 which can be rewritten as

(P + “Nz) (V —bN) = NkgT. The internal energy is given by

U= kgT? (81nZ) _N(ngT a‘]/V)

3. Count the states in a box of size L. After some steps one reaches at (eq 7 page 185 KK)
TF = (37r2n)2/3 % this gives Tr = kpTr = 5.0K which much less than 7' = 0.5K so the
approximation of the Fermi-Dirac distribution function as a step function will be fairly
good. Calculate U (along lines according to eq 27 page 189 KK) after some steps
C, = %71’2]\[ kpT/TF is reached. Evaluating the fermi contribution gives
C, =0.49Nkp =4.10 J/mole/K at T'= 0.5K.
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4. The partition function is Zpot = >2324(27 + 1)e=90tar ~ 1+ 3¢ 17 = 1 4 3¢~ where
only the two first terms are kept and where x = % >> 1. For N identical molecules

(N) _
Z rot — Z rot-

And hence we get the free energy for the rotational degrees of freedom as
Frot =—NtlnZot +7InN!'=—-N7ln(1+3e*)+7InNl~ —3N1e® +7InN! =
2

—3N ’7‘6_% —|— 7Iln N! . The entropy of the system is given by the following derivative

Opot = — 9L, =3N(1+ L )e—% —InN!=3N(1+z)e ™ +In Nl
The specific heat we get from

(Corot =722, = BNE [, — e F3N[(12)? — e~ i ~ 3N[(12)2)e T (= BNa%e ™)
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5. Rewrite the wave function in terms of spherical harmonics:

1 /27 127T

¢(T> = Q/J(Slf,y, Z) = N(xy+zy)e—ar = N,r,2e—o¢7’ (_ (Yé 2 }/2 2) 15

e =(- Yzl—ym)

As all the Y;,, have [ = 2 the probability to get L? = 2(2 4+ 1)i* = 6h* is one. For L. we
must first normalize the coefficients in front of the Y} ,,. The sum of the squares is 1’g and
hence we get the following expression:

8m (1 /1 1 /1
w('r) = Nr26_ar ﬁ (;\/2(3/2’2 - }/2,—2) + ;\/;(_}/2,1 — }/27_1))

The probability to get m = 2 is \\/g|2 =1 form=1is \\/g|2 =1, form=0is =0
form = —11is |\/g|2 = 1, and for m = -2 is |\/g|2 =
The expectation value (L?) = 6h” and for (L.) =21 + 11 +0— 11 — 21 = 0n.



