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Note solutions are more detailed compared to previous solutions, earlier than October 2007.

1. The general relation for the specific heat is C,, = 7 (gi )

a: in case of the conduction electrons we have C,, = 7 these two relations combine to give
YT =T (‘g") leading to g—‘; = v = constant. and hence integrating to o o« 7+'new constant’

where the 'new constant’ is zero as the the entropy is zero at temperature absolute zero. If the
temperature increases from 7 = 100K to 400 K the entropy ¢ will increase by a factor 4.

b: In the case of the electro magnetic field we have that the energy density is uoc 7
(Stefan—Boltzmann T* law) and hence we have for the specific heat C, oc 73 (Note the similarity
to phonons at low temperature the Debye T° law). As in a) we arrive at 8" o 72 and hence

o oc 73, If the temperature is raised from 500K to 1500K the entropy o Wlll increase by a factor
of (£%9)3 = 27 that is a factor of 27.
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2. (a) ih 82 sinwt = ihwg coswt = —ifiw?sinwt  YES
(b) —zh C(l +2?) = —ihC(0+22) NO
c Cre™* 4+ Che™2) = —zhzk ~(Cy ethz — Che=2) = —ihk?(Ce™** + Che ™**) YES
(c) —ih s > | >
(d) %6—06_32 = —%C(— Je 3% o ¢( ) YES
(e) 2( 22 53—;)26_%22 =7 This has to be done in some steps. Start by doing this derivative
first: —2nzem3” = —2(e737 — 22¢737) = —(—ze777 — 2z¢77% 4 2P =
3ze73%° — 23737
Now you 80 back to the start: €(22 — £)ze73% = C(23e2%" 4 3ze 2% — 23e72%) =
2 0z 2

C(4+3ze72%") = x 1(z) YES

(22 D)3 = (273 — %(—ze_%zz)) = %(226_%22 — (—e 2 4 2% 777)) =
2

x 1(z) YES

(f)

1,
2%

3. The eigenfunctions and eigenvalues of the free-particle Hamiltonian are found by solving the
time-independent Schrodinger equation

n? d*u(x)
" 2m da?

+ V(x)u(x) = Eu(x),

with V' (z) zero everywhere. Thus, the eigenvalue equation reads

d*u(x)
dx?

+ k*u(z) = 0,

where k? = 2mE/h*. The eigenfunctions are given by the plane waves ¢** and e~

combinations of these, as e.g. sin kx and cos kzx.

, or linear

(a) The wave function of the particle at t = 0 is given by
Y(z,0) = sin® kx.
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This is not an eigenfunction in itself but it can be written as using the Euler relations

(,0) = pikr _ p—ikz\ 3 1 ( iske _ gike | g,—ike —i3kx) - +3 ok 1 ot
z,0) = 5 =g e e e =+ sinke — 7 sin 3k,
(1)

Thus, ¥ (x,0) can be written as a superposition the plane waves sin kjx and sin kyx, with
k:lzk‘andk:g:Bk:

(b) The energy of a plane wave ¢** is given by E = h?k?/2m. Thus, the energy of sin k;x is
Ey = h*k?/2m and the energy of sin kyx is By = h*k3/2m = 9h%k?/2m.

(¢) The function u(z) = €*** is a solution to the the time-independent Schrodinger equation.
The corresponding solutions to the time-dependent Schrodinger equation are given by
w(z)T(t),with T(t) = e=*#¥" Therefore, u(x)T(t) = e!**=Et/") A sum of solutions of this
form is also a solution, since the Schrédinger equation is linear. This means that if ¢(x, 0)
is given by equation (1), then the time dependent solution is given by

Yz, t) = _é [(ei?)k:c _ 6—1’31@:(;) e~ tE2t/h 4 3 (_6ik:c + 6—ikx) e—iElt/h}
= %Siﬂ(kx)e‘m”/ P L in(3ka)e )
where 22 OBk
Ey = Ewe and Fy = o (3)
4. (a) Let the commutator act on a wave function ¥(y) and p, = —iﬁdi;
L RIU) = P ) g (st o o)

+h%2U(y) + 4yh2d‘1;—;y) = (+h22 + i47’zypy) U(y) concluding for the commutator:
_ 2 4 _ 2 2 d
[v?, pj] = +2h% + diliyp, = +21% +AR%y L.
(b) The energy levels for a hydrogen like system are given by: E, = ~13.6% [eV], here we have

Z=4:AE=FE(@2s)— E(ls) = By — Ey = —1354- (18 — 18) = 1354 163 — 162 48 &V
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(c) The angular part of the wave function can be written as a spherical harmonic:

3cos?f — 1 o Yy

Which gives [ = 2 och m = 0. The part depending on r (r?/a?)e™"/3 corresponding to the
principal quantum number n = 3 och [ = 2 consistent with Y5.

5. The energies of the states are given by ¢; = (j + %)hw Note that we can treat the oscillators as
independent from each other. To find the fraction of oscillators in a particular state is the same
as to ask for the probability of a oscillator to be in that particular state. In order to find the
probabilities (fractions) we need to calculate the partition function for the system consisting of a
single oscillator Z = > e/t — =52 Ym0 e~nhw/T — o= 5% 1—57#/7 Note the partition
function is a geometric sum. At the characteristic temperature given by 7., = hw the partition

. . 1 _ 1
function is Z = €72 == = =17

The fraction of oscillators in the ground state (7 = 0) is given by
fo= 2l =32 —e1?) = (1—e') = 0.632.

The next states (j = 1) fraction is given by f; = 672/7 = e 3(eM2—eV2) = (¢! — e72) = 0.233.

The next states (j = 2) fraction is given by
%

fy = E’EZQ/T — e~ (61/2 _ 6_1/2) — (6_2 — 6_3) = 0.0855.



