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Abstract

In this paperwe presenta discretedatastructurefor reservationsof limited
resources.A reservation is definedasa tuple consistingof the time interval of
whentheresourceshouldbe reserved, ��� , andtheamountof the resourcethat is
reserved, ��� , formally �
	��
����������� .
The datastructureis similar to a segmenttree. The maximumspanninginterval
of thedatastructureis fixedanddefinedin advance.Thegranularityandthereby
thesizeof theintervalsof theleavesis alsodefinedin advance.Thedatastructure
is built only once. Neithernodesnor leavesareever inserted,deletedor moved.
Hence,therunningtimeof theoperationsdoesnotdependonthenumberof reser-
vationspreviously made. The running time doesnot dependon the size of the
interval of thereservationeither. Let � bethenumberof leavesin thedatastruc-
ture. In the worst case,the numberof touched(i.e. traversed)nodesis in any
operation������������� , hencetherunningtime of any operationis also�������������

1 Intr oduction

Theoriginal,neverpublishedversionof thispaperwascalled“An EfficientDataStruc-
ture for AdvanceBandwidthReservationson the Internet”. The original paperwas
referredto in the paper“Performanceof QoSAgentsfor Provisioning Network Re-
sources”([10]) by Scheĺen et. al. underthe referencenumber14, but the reference
shouldreally bechangedto thecurrentpaper.

2 Definition of the problem

Theproblemwedealwith, wecall “The BandwidthReservationProblem”. A reserva-
tion is a time interval duringwhichwereserveconstantbandwidth.Thesolutiongiven
hereworksin a discreteboundeduniverse.

By a discreteboundeduniversewe meana universewith a limited durationand
a fixed time granularity. By usinga fixed granularitywe have divided the time into
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timeslots(frames).We useaslottedtime in hopeto geta smallerdatastructure,faster
operationsandhencegainbenefitsof a largeraggregation.Thishopeis inspiredby the
factthatproblemsaregenerallyeasierto solve in abounded(discrete)universethanin
thegeneralcase([4]).

We observe that thebandwidthreservationproblemis constrainedby thephysical
world and thereforeno reservationswill occur in the pastandvery few in a distant
future.

Throughoutthepaperweusethefollowing notation:

" We have a boundedmaximuminterval # startingat $&% andendingat '(% ,
hence#*),+-$&%/.0'(%21 . # is divided into fixed sizetime slotsof size 3 . The
sizeof theinterval # is denotedby 45#64 .

" In general,a discreteinterval, 7 , is definedas the durationbetweena starting
point $ andanendingpoint ' , andthe interval is divided into discreteslotsof
size3 . In short,78)9+-$:.;'<1 . Moreover, since $&%>=9$@?9'A=B'C%D78EB# .

" Thebandwidthis denotedby F . A reservation, G , is definedby aninterval 7 and
a(constant)amountof reservedbandwidthF , during 7 . In short,reservationis a
tuple GH)AIJFK.L7�M . Itemsrelatedto reservationsaredenotedby a subscript,e.g.
GN)BIJFPOC.Q7�OPM .

" A datastructurestoring reservationsmadeis denotedby R . An item related
to a “query” toward the datastructureis denotedby a subscriptS , e.g. 7UT,)
+-$ T .;' T 1 .

Thebandwidthreservationproblemdefinesthreeoperations.First,wehaveaquery
operationthat only makesqueriesof the kind: “How muchbandwidthis reserved at
mostbetweentime $ andtime ' ?”. Further, we have updateoperations:an insertion
of a new reservation and a deletionof a reservation alreadymade. Formally these
operationsdefine:

Definition 1 We havea boundedmaximuminterval # dividedinto timeslotsof size
3 . Let a reservation,GV)WI�FXOC.Q7UOPM , be on an interval 7UOYEW# with an associ-
atedbandwidth,FPO . Thenthebandwidthreservationproblemrequiresthe following
operations:

Z;[:\0]_^_`&a Rb.;G�c , which increasesthe reservedbandwidthduring the interval 7 O for
F O .

d_]_ef]_`_]&a Rg.;G�c , which decreasesthe reservedbandwidthduring the interval 7 O for
F O .

h_i_jfk_]:\;]_^fl_]_mna Rg.Q7UToc which returnsthe maximumreservedbandwidth,during the
interval 7UT .

Note,deletionis thesameasaninsertionbut with a negativebandwidth.
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2.1 Background of the problem

Thebandwidthreservationproblemis notsowell studiedin theliterature.Ontheother
hand,two relatedproblems,thepartial sumproblem([5], brief in [8]), andtheprefix
sumproblem([5]), are. In thepartialsumproblemwe have anarray p a�q cQ.UrK= q =ts
andwant to performthesetwo operations:

a rJc�u_v m_if`_] : p a�q cw)bp a�q cyx{z ; and
a}| c^_]_`_^�~;]_l_]

: ����C��p aQ� c for arbitrary valuesof
q
, z and � . There is only a slight

differencebetweenthepartial sumproblemandtheprefix sumproblem,in theprefix
sumproblemthequeryalwaysstartsat thebeginningandin the partial sumproblem
thequeriesarefor anarbitraryinterval.

In our solution we will usea datastructuresimilar to segmenttrees([9]). Seg-
ment treesrepresenta methodfor storingsetof intervals. For instance,we have �
intervalswith s uniquestartingor endingpoints.Thesegmenttreeis thenanefficient
datastructurefor storing thoseintervals andansweringqueriesover which of the �
intervals spansthe query interval. Formally, let � denotea setof � intervals with
s uniquestartingandendingpoints. Let ��� be a startingor endingpoint for an in-
terval in � . Let � be our universewhere ��)>IJ� � .;����.0���5��.0����M given that ����� � ?
��� where r�? q =bs . The leaves in the segmenttree correspondto the intervals:a
��� .;� � c_.U+�� � .;� � 1_� a � � .;� � c_.�+-� � .0� � 1f���5�����a � � .�x � c asshown in Fig. 1.
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Figure1: An exampleof asegmenttree.

An internalnoderepresentsthe interval of the treerootedat it and it alsostoresthe
informationaboutthe interval of its left subtree.Theinterval of thenodeis theunion
of the intervals of its children. Eachnode(anda leaf) containsa list of pointersto
previously insertedintervalsthatcompletelycover theinterval of thenodebut not the
interval of thenode’s parent.During the insertionof the interval 7 , thepointerto the
interval 7 is insertedin a node á ’s list, if all childrenof á have their corresponding
intervalswithin 7 andtheparentof á doesnot. Consequently, pointersto aninterval
arestoredatmaximumtwo nodesoneachlevel of thetree.Thesegmenttreehas

| s�xâr
leavesand

| s nodes.Sincethenodesin thetreehave constantnumberof childrenthe
heightof thetreeis ã aåä5æ�ç s(c . This is alsothecomplexity of aninsertionanda query.
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3 Solution

Oursolutionis amodifiedsegmenttree([9]). In ourdatastructure,AdvancedSegment
Tree(AST), eachnoderepresentsonetime interval. Every nodein the treeconsists
of the interval it represents,pointersto eachof the node’s children,and two values
(describedmorethoroughlyfurtherdown).

Theinterval to whichtherootcorrespondsis # . Let è denotethenumberof levels
that thedatastructureconsistsof. All nodeson level é have time intervalsof thesame
sizeandthey donot intersect.They follow consecutively oneanother. Thismeansthat
theunionof all intervalson level é is # . Eachlevel hasa divisor thattells thenumber
of childrenthata nodeon thatparticularlevel has.Thedivisorsaregatheredup from
theroot to theleavesin asetêë)9I�ê � .Lê � .0���5��.Qêgì � � M , whereê � is thenumberof the
root’s children. The divisor êgí doesnot only tell the numberof childrenthata node
has,but alsothesizeof theinterval 45#/íî4 on level é :

45# í 4ï) 4�#64 q )ðrñ %wò ó�ô ñõ ò ro?9é�=9è (1)

Consequentlythenumberof nodeson level é is
s í ) r é:)ðrí � �� �C��êg�öro?ðé�=Bèb� (2)

andthenumberof leavesof thecompletedatastructureis

s÷)øs�ì/)
ì � �
� �C� ê � � (3)

The divisors êg� mustbe setso that 3ð) ñ % ñ� , where s is definedin eq. (3) and
where3 is the time granularity(sizeof the leaves). Hence,the choicesof 45#64 , 3 , è ,
s and ê arerelated.For instance,choosing45#64 to bea primenumbermakesthetree
consistof only two levels, the top andthe leaf level. We get the simplesttreewhen
4-#64�) | ìúù 3 , i.e. ê³)ûI�êgíP4üê2íX) | , for ýþ?ÿéy?ÿèCM . Note that the fundamentals
of the datastructuredo not changeif the valuesof the divisorschange. Therewill
howeverbea deteriorationin performancefor eachaddedlevel. Thetreeis only built
onceandthereforethetreeis alwaysperfectlybalanced.Thereis adifferencebetween
thesegmenttreeandour datastructureregardingtheleaves. In thesegmenttreethere
is a leaf for theopeninterval,

a ê ��� � .Qê � c , aswell astheclosedinterval, + ê � .Qê � 1 , but
in our datastructureleavesrepresentsemi-openintervals

a ê � .Lê ��� � 1 . To describeour
datastructurewe usethefollowing notation:

" Let á denote“the currentnode”duringa descriptionof a traversalof the tree.
Let á ì denotetheleftmostchild of á , and á O therightmostchild.

" Eachnode,á , storestheinterval 7��D)B+-$��K.0'��o1 thatthenodesubtends.

" Eachnode, á , storesthe amountof bandwidth,s���� , that was reserved over
exactly thewholeinterval 7	� .
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" Eachnode á alsostoresthe maximumvalueof reservedbandwidthexcluding
thevalues�� � on theinterval 7 � . Thismaximumvalueis denotedas�
� � .

#define Split � 2,2,2,2,2,3,2,2,2,3,2,2 �
#define MaxSplit 3
typedef struct NODE �

interval type Interval;
int node value;
int max value;
struct NODE *Children[MaxSplit];� AST type;

Algorithm 1: AdvanceTreeDefinitionsin C

In Fig. 2 is givenanexampleof how to makethedatastructuresubtendinga32-day
month,with 3 representing

�
minutes.All nodeshave

|
or � childrenin orderto have

thewantedinterval sizes.Hence,in Fig. 2 ê )BI | . | . | . | . | .
�ï. | . | . | .��ï. | . | M .
Fig. 3 presentsan exampleof a bandwidthutility graph. The graphshows the

amountof bandwidththatis reservedover time. In Fig. 4 weareshowing thevaluesin
thetreecorrespondingto theexamplegraphfrom Fig. 3. Fig. 4, alsoshowshow ��� is
calculated.
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Figure2: An exampleof thedatastructure.

To describetheoperationsfrom Definition1 weusethedatastructureformally de-
fined in Algorithm 1. We start by describing the functionh_i_j_kf]:\;]_^_lf]_müa á2.Q7UToc .
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Figure3: Bandwidth- Timegraph.

" If theinterval of node á satisfies7 T )÷7 � (i.e. $ � )9$ T and ' � )9' T ) then
s�� � x8�
� � is returnedastheresult.

" If 7UT is entirelycontainedwithin theinterval of child áéè of á , thenthereturned
valuewill be: s���� x h_i_jfk_]:\;]_^fl_]_mna áåèP.Q7�T¢c .

" If 7 T spanstheintervalsof morethanonechild of á , 7 T is dividedinto onepart
for eachof the � childrenof á which intervals 7 T at leastpartially spans- i.e.
7 T7ê )÷7 Tìë 7 ��í�ê , for r = q =÷� where7 TCô is theleftmostinterval and7 ��ínô is
the interval of the leftmostchild of á thathasan interval thatat leastpartially
spans7 T . TheFig. 5 illustratesthesplit of 7 T into smallerintervals.

Thereturnedvaluewill be

îðï¼ñ�nò � ò �
a hfi_j_k_]:\0]_^_l_]_m(a áéè��L.Q7UT ��c
c

andit canbemoreefficiently computedas:

îðï¼ñ a h_i_jfk_]:\;]_^fl_]_mPa á è � .L7 T � c .îðïkñ�5ó � ó �
a s�� ��íkê xú��� ��í�ê c .h_i_jfk_]:\;]_^fl_]_mPa á è � .L7 T � c*c

(4)

In Fig. 6 an insertionof a reservation of F O units of bandwidthis shown. The
figure alsoshows which nodeswill be touchedwhena

h_i_jfk_]:\;]_^fl_]_m
function is in-

vokedwith thesamequeryinterval. The
h_i_j_kf]:\;]_^_lf]_m

functionis formally definedin
Algorithm 2.
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Figure4: An exampleshowing valuesin thedatastructure.

The function
Z0[:\;]_^_`ïa áâ.�I�7 O .;F O Mfc works in a similar way as theh_i_j_kf]:\;]_^_lf]_m

function.
Z;[:\;]_^f`

mustalsoverify thattheinsertedreservationdoesnot
result in an over-reservationof bandwidth. This verificationcanbe doneby making
thereservation,thenperforminga

h_i_j_k_]�\;]_^_l_]fmüa áâ.Q7 O c query, andfinally comparing
with themaximumreservablebandwidthon thelink. If anover-reservationoccursthe
reservationmustberemoved.More efficient is to let the

Z0[:\;]_^_`
functionperformthe

checkduring its execution. We will describethe recursive
Z;[:\;]_^f`

function without
integrationof

hfi_j_k_]:\0]_^_l_]_m
functionality, which inclusionis trivial andis shown in

Section3.2.2.
" If theinterval of node á satisfiesthat 7UO )÷7 � (i.e. $ � )9$&O and ' � )ð'CO ),

thens�� � is increasedby FXO .

" If 7�O is entirely containedwithin the interval of onechild á è of á , thenthe
function

Z;[:\;]f^_` a á è .;I�7�O .;FPO(Mfc is calledandwhenit returnsthe �
� � is up-
datedaccordingto theequation

��� � ) î ïkñ�nò � òï� a s�� è�� xú�
� è�� c . (5)

where
�

is thenumberof childrenthat á has.

" If 7 O spanstheintervalsof morethanonechild of á , 7 O is dividedexactlyasthe
queryinterval into onepartfor eachof the � childrenof á whichintervals7 O at
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Figure5: An exampleshowing a split of aninterval (circlesrepresentnodesandrect-
anglesrepresentintervals).

leastpartiallyspans- i.e. 7 O ê )@7 O ë 7�� í�ê , for r = q ={� . The
Z;[:\;]_^f`

function
is calledoncefor eachof the � children áåè�� , Z;[:\;]_^f`&a áéè �L.�I�7 O ê .;F O MfcQ.�r =q ={� . Whenthecallsreturn,the �
��� is updatedasshown in eq.(5).

In Fig. 6 aninsertionof a reservationandthecalculationof thenew s�� ’s and�
� ’s are
shown. The

Z;[:\0]_^_`
functionis formally definedin Algorithm 3.

The
d_]_e_]f`_] a áâ.�I�7UO(.;FPO(M�c is implemented as a call of

Z;[�\;]_^_`
with FXO

negated,Algorithm 4.
The

Z;[:\0]_^_`
functionaswell asthe

h_i_jfk_]:\;]_^fl_]_m
functiononly traversesthetree

twicefromthetopto thebottom.Oncefor therightmostpartof theinterval 7 T andonce
for theleftmostpart.For themiddlepartof theinterval therecursionnevergoesdeeper
than r level. Theupdateof the�
� valuesis doneduringthetraversalsonofurtherwork
is needed.For atreewhereeverynodeonly hastwo children,bothfunctionswill touch
at themostñ ù a}ä�ç s(c �óò

nodes.For a treewith otherdivisorstheconstantsaredifferent
but still therunningtime remainsã a}ä�æJç s(c . Evenif thecheckfor over-reservationsis
implementedasaseparatecall to the

h_i_j_k_]�\;]_^_l_]fm
functiontherunningtimeremains

within ã aåä5æ�ç s(c .
Theorem1 The running time for all operations solving the bandwidthreservation
problemasdefinedin Definition1 andusingAST, is ã a}ä�æJç s(c .

3.1 Implicit data structure

Theobviousway to implementourdatastructureis to usepointersbetweenthenodes.
Sinceourdatastructureis built only onceandthenodesneverchange,it is possibleto
storethedatastructurein animplicit way in anarray. In animplicit datastructurethe
positionsof thenodesareimplicitly defined.Weusethesetê , which tells thenumber
of childreneachnodehason level é (seeeq.(1)), to computethepositionsof thenodes.
Oncethearrayis built wecanuseê to calculatetheindex of thenodeinsteadof using
pointersto traversethetree.To calculateô í , thenumberof nodeson level é andabove,
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Figure6: An exampleshowing aninsertionin thedatastructure.

wegetfrom eq.(3):

ô í�) r é:)9rí
� � �

� � �
� �C� ê � xtr*ro?9é�=9è (6)

We index the elementsin the array from r to ô ì andorder the nodeslevel by level
(cf. standardheaporder).Consequently, theindex of thefirst elementon level é , is the
numberof nodesin thetreeon all previouslevels,plus r , i.e. ô í � � xtr . We storethese
valuesin vector � .

The numberof nodesbetweenthe nodewith the index á on level é andthe first
nodeon level é is given by á � �fí . The numberof nodesbetweenthe first nodeon
level é�x
r and á ’s first child is givenby

a á � �fí
c ù ê � . The index of thefirst node
on level é�x
r is givenby �fí � � . The numberof childrenthat á hasis êgí henceá ’s
childrenindexes� are:

�@)�� í � � x a á � � í c ù ê í x��0. for ý =��P?{ê í (7)
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By usingan arrayinsteadof usingpointerswe save thememoryfor two pointersper
node.Theexecutionwill befasterdueto onememoryprobelesssincevectorsê and
� will bein cache.

3.2 Impr ovements

In this sectionwe describesomeperformanceimprovementswhich shouldbeseenas
hintsto animplementerof ourdatastructure.

3.2.1 Choiceof the intervals

Theideais, to make properchoicesabouttheintervalsto improvetherunningtime of
the functions. The choicesto be madeareregardingthe durationaswell asstarting
timesandendingtimes.If we aredealingwith manmadereservationsweobserve:

" Granularity:
Peoplewill make reservationsduring timesthat arelogical to them,hencethe
smallestinterval can be r minute,

�
minutes, �Jý minutes, r hour and so on,

dependingon theapplication.

" Startingpoints:
All interval sizesin thetreeshouldbewholeminuteintervals.For instance,if an
intervalof r � minutesshouldbedivided,thedivisor

|
is notaproperchoicesince

thechildrenwill thenhaveaninterval sizeof
ò � � minutesandthosechildrenwill

in turnbedividedto �&� ò � minutes,whichbothwill rarelyoccur. Thedivisor � is
in this examplea moresuitabledivisor, which will make the r � minutesinterval
dividedin � intervalsof size

�
minuteseach.

" Sizeof intervals:
If an interval is estimatedto be more likely thananother, usethe more likely
choice.For instance,if a

| ñ hourdayis going to bedivided,thedivisors
|

and
� seemlike goodchoices.If we estimatethat it is morelikely that reservations
of � hourswill occurratherthan r | hours,dueto thefact thata working dayof
humansis � hours,thedivisor � shouldbechosen.This choiceis however only
animprovementif it makesthestartingtime andtheendingtime of theinterval
thesameastheworking hours.

An exampleof a treedividedwith respectto humansareshown in Fig. 2.

3.2.2 Early rejection

Thesoonerwe candetectthata reservationwill not fit, dueto thefactthat thereis not
enoughbandwidthleft to reserve, thebetter. In thedescriptionof the

Z;[�\;]_^_`
function

we assumedthat the checkis doneindependentlyof the insertion. In this sectionwe
givesomehintshow to incorporatethecheckinto the

Z;[:\;]_^f`
function
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Inclusion of checkwithin insertion

In order not to reserve more bandwidththan can be deliveredthe
Z;[:\0]_^_`

function
hasto checkfor over-reservations. Oneway to do this is whenthe

Z;[:\0]_^_`
function

discoversthat therewill be an over-reservation, the recursionstops,andundoof the
insertionsin the nodesso far is performed. Anotherway is that the recursionstops,
marksthecurrentnode,andthenacleanupfunctionis calledwith thesamearguments
asthe

Z0[:\;]_^_`
functionbefore.Thecleanupfunctioncanbeimplementedasa

df]_e_]_`_]
functionthatonly deletesthevaluesupto themarkednodeandthenstops.Thesecond
approachgivessimplercode,fewer booleanchecks,and thereforeis alsosomewhat
faster.

Order of traversal

The probability that a new reservationwill not fit within the reservablebandwidthis
somehow biggerat larger intervals. Henceduring the recursion,if an interval hasto
bedividedinto smallerparts,therecursionfirst follows thelargestinterval of theedge
partsof theinterval, thatis îðï¼ñ 7 T(ô .L7 T�� ê������J������� (seeFig. 5).

3.2.3 Locality

Sinceour treeis spanninga largetime interval, we canassumethattherewill besome
form of locality in thereservationsandqueriesmade.Thelocality givesadditionalim-
provementsdueto thefactthatpartsof generateddatausedduringpreviousoperations
is alreadyin thecache(cf. cache-awaredatastructures[1–3]) For ourdatastructurewe
havedevelopedamethodof startthetraversalof thetreeinsidethetreeandnotalways
from the top. In orderto do thatwe needto find the lowestnodethat spansboth the
lastinterval, 7 ì����_  andthecurrentinterval, 7	è¢¡+£�£�¤
�   , thatis thelowestnodethatspans
theinterval 7�%¥¤_£�¦§¤�¨â)N+ îª©�« a $ ì����_  .;$�è¢¡+£�£�¤
�   cü. îðï¼ñ a ' ì�����  .0'�è�¡+£�£�¤L�   cå1 . This canbe
achievedby usingtheset ê anda tableof 4-# í 4 (eq.(1)). Theoperationson our data
structurecollectinformationfrom thetopnodeanddown andweneedto maintainthis
informationevenwhenstartingfrom theinsideof thetree.Thisis doneby usingastack
in which all accumulateds�� ’s arestoredduring the recursiondown to theuppermost
nodein which 7Uì����_  wasdivided. When,for instance,queryingthe interval 7 è�¡�£�£�¤L�   ,
wedoabinarysearchamongthe

a è{)Bã aåä�æJç s(c
c levelsin thestackto find thelevel, é ,
thathasa node, á , spaning7 %¥¤_£�¦§¤�¨ . Thentherecursionstartsin á with thestart-s��
from level é in thestack.Therunningtime of thesearchfor á is ã aåä5æ�ç ä�æJç s(c .

Similar results

Thereis a resemblancebetweenthe searchingin this datastructureand a repeated
searchin a B-tree. Guiba et al. ([7]) have proposedan algorithm to traversea B-
treewithout alwayshaving to startfrom the top node.They areusinga lot of fingers
(pointers)betweennodesin thetreeanda specialsearchpattern.They usethesearch
patternto find thelowestcommonancestor. If thenodeto find is to theright of thelast
nodethepatternwill be:
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" “go to right neighbour”,“go to father”andsoon.

If thenext nodeis to theleft of thelastnodethepatternis:

" “go to left neighbour”,“go to father”andsoon.

Sincein ouroperationsthenodevalueneedsto beaccumulatedfrom therootanddown
onthesearchpath,Guibaet. al.’sproposalcannotbedirectlyusedin ourcase.Further,
theideato performa binarysearchon thecompletepathfrom theroot to a givennode
is not new andwasalreadyemployedin [6].

3.2.4 Time goes

In ourmodifiedsegmenttreethenodesarenotmovedinto new positionsandnew nodes
arenot inserted,neitherarenodesin thetreedeleted.Hence,thetimeframeof thetree
is static.But astimemovesaheadtowardsthefuture,morereservationswill beinserted
moreandmoreto theright partsof thetree.Eventuallytheintervalsof thereservations
will besofaroff into thefuturethattheinterval will missthedatastructure.A solution
is to make thedatastructurewrap thespanninginterval. Let the spanninginterval of
thedatastructurebetwice aslargeasis believedto beneeded.Thenwhenthecurrent
time passesthefirst half of theentireinterval, the interval is wrappedso that thefirst
half becomesthethird, andsoon.

4 Conclusions

In thispaperwepresentedadiscretedatastructurefor reservationsof limited resources
over a time-span.The datastructureis madewith bandwidthreservationson the In-
ternetin mind, but it is quite generic. It canbe appliedwhenever a limited resource
shallbereserved.Thedatastructureproposedhastime complexity independentof the
numberof reservationsmadeandthesizeof theinterval. We definedthreeoperations
on the datastructure;

Z0[:\;]_^_`
to inserta reservation,

d_]_ef]_`_]
to deletea reservation,

and
h_i_jfk_]:\;]_^fl_]_m

to queryhow muchbandwidthis usedduringa queryinterval. The
worstcasetime complexity of all operationsis ã a}ä�æJç s(c . In thesecondpartof thepa-
perwe simplifiedthedatastructureby makingit implicit. We concludethepaperwith
a numberof suggestionshow to improvethesolution.

References

[1] P. Agarwal, L. Arge, A. Danner, andB. Holland-Minkley. On cache-oblivious
multidimensionalrangesearching.In Proceedingsof the19thACM Symposium
onComputationalGeometry. ACM Press,2003.

[2] L. Arge, M. A. Bender, E. D. Demaine,B. Holland-Minkley, andJ. I. Munro.
Cache-obliviouspriority queueandgraphalgorithmapplications.In Proceedings
of the 34th ACM Symposiumon Theoryof Computing, pages268–276.ACM
Press,2002.

12



[3] L. Arge,L. Toma,andJ.S.Vitter. I/O-efficientalgorithmsfor problemson grid-
basedterrains. In Proceedingsof the 2nd Workshopon Algorithm Engineering
andExperimentation(ALENEX’00), 2000.

[4] A. Brodnik. Searching in ConstantTime and Minimum Space(M INIMÆRES

MAGNI MOMENTI SUNT). PhD thesis,University of Waterloo,Waterloo,On-
tario,Canada,1995.(Also publishedastechnicalreportCS-95-41.).

[5] M. L. Fredman.Thecomplexity of maintaininganarrayandcomputingits partial
sums.Journalof theACM, 29(1):250–260,January1982.

[6] GastonH. GonnetandJ. IanMunro. Heapsonheaps.SIAMJournalonComput-
ing, 15(4):964–971,November1986.

[7] L. J.Guibas,E. M. McCreight,M. F. Plass,andJ.R. Roberts.A new representa-
tion for linear lists. In ConferenceRecord of theNinth AnnualACM Symposium
on Theoryof Computing, pages49–60,Boulder, Colorado,2–4May 1977.

[8] T. HusfeldtandT. Rauhe.Hardnessresultsfor dynamicproblemsby extensions
of fredmanandsaks’chronogrammethod.In Proc.25thInt. Coll. Automata,Lan-
guages,andProgramming, number1443in LectureNotesin ComputerScience,
pages67–78.Springer-Verlag,1998.

[9] K. Mehlhorn. Data structuresand algorithms3: Multi-dimensionalsearching
andcomputationalgeometry. Springer-Verlag,1984.91-032.
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bw type MaxReserved(AST type *node,int start, int stop,
int iLevel) �

bw type MaxBelowNode, MaxBelowNode;
int i1;
AST type *pRunningNode;
if (start==node->Interval.Start && stop==node->Interval.End)

return (node->node value + node->max value);
else �

MaxBelowNode = 0;
for (i1=0;i1<Split[iLevel];i1++) �

pRunningNode = node->Children + i1;
if ( start < pRunningNode->Inteval.End ) �

if (pRunningNode->Interval.End < stop) �
MaxBelowChild = MaxReserved(pRunningNode, start,

pRunningNode->Interval.End, iLevel+1);
if ( MaxBelowChild > MaxBelowNode )

MaxBelowNode = MaxBelowChild;
start = pRunningNode->Interval.End;� else �
MaxBelowChild = MaxReserved(pRunningNode,start,

stop,iLevel+1);
if ( MaxBelowChild > MaxBelowNode )

MaxBelowNode = MaxBelowChild;
break;�� /* if */� /* for */

return( node->node value + MaxBelowNode );��
bw type MaxReserved(AST type Data, interval type I) �

MaxReserved(&Data,I.Start,I.End,0);�
Algorithm 2: AdvanceTreeMaxReservedin C
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void Insert(AST type *node,int start, int stop,int bandwidth,
int iLevel) �

int ml, mr, i1;
AST type *pRunningNode;
if (start==node->Interval.Start && stop==node->Interval.End)

node->node value = node->node value + bandwidth;
else �

for (i1=0;i1<Split[iLevel];i1++) �
pRunningNode = node->Children + i1;
if ( start < pRunningNode->Inteval.End ) �

if (pRunningNode->Interval.End < stop) �
Insert(pRunningNode, start,

pRunningNode->Interval.End, bandwidth,
iLevel+1);

start = pRunningNode->Interval.End;� else �
Insert(pRunningNode,start,stop,bandwidth,

iLevel+1);
break;�� /* if */� /* for */

ml = node->max value;
for (;i1>=0;i1--) �

mr = node->Children[i1].node value+
node->Children[i1].max value;

if ( mr>ml )
ml=mr;�

node->max value=ml;��
void Insert(AST type Data, reservation type R) �

Insert(&Data,R.Interval.Start,R.Interval.End,R.BW,0);�
Algorithm 3: AdvanceTreeInsertionin C

void Delete(AST type Data, reservation type R) �
Insert(&Data,R.Interval.Start,R.Interval.End,0-R.BW,0,0);�

Algorithm 4: AdvanceTreeDeletein C
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