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Practical example

windfarm:

windwheels subject to approximatively the same wind force

wind arrives with unknown delays
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Problem definition

we want to distributely estimate:

the process realization (e.g. wind force vs. time)

the time delays
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Modeling assumptions

all sensors measure the same process (simplification)
measurements noises are independent
measurements are not synchronized
there are limits on the amount of exchangeable information
there are limits on the sizes of the estimates representations

t1

F1

t2

F2

t3

F3

d1 d2 d3

= process realization di − dj = time delays
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State of the art

Function estimation
distributed non-parametric regression already proposed
we add:

unknown time-delays complication

Time delay estimation
usually formulated with inner-products maximization
we add:

distributed estimation
non-parametric framework
easy management of non-uniform sampling
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Nonparametric approach

motivations: functional structure of f could be not easily
managed by parametric structures

hypotheses: f is a zero-mean Gaussian process with

cov
(
f (tm) , f (tn)T

)
= K (tm, tn)

our approach: use K (·, ·) to construct a
reproducing kernel Hilbert space HK

goal: use K (·, ·) + input locations + measurements
to construct f̂ ∈ HK

(RKHS := reproducing kernel Hilbert space)
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RKHS based learning
Further hypotheses: • K (·, ·) is a Mercer Kernel

• input domain is compact

Result: MMSE estimator f̂ = cov (f , y) var (y)−1 y is:

f̂ (·) =
M∑

m=1

cmK (tm, ·)

c = (Kt + γIM)−1 y (1) t ′

t ′′

K (t ′, t ′′)

t

f̂ (t)

too expensive solution for high M ⇒ must approximate
solution using other ways of expressing f
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Towards approximated RKHS learning

Theorem (with the previous hypotheses:)

K (·, ·) defines: (LK f ) (tm) :=
∫
X K (tm, t ′) f (t ′) dt ′

LK has (numerable) eigenvalues and eigenfunctions:
φk (·) = λk (LKφk) (·) k = 1, 2, . . .

{φk (·)} is an orthonormal basis for the deterministic space

HK =

{
g ∈ L2 s.t. g =

∞∑
k=1

akφk with
∞∑

k=1

ak · ak

λk
< +∞

}
(2)

MMSE estimate f̂ of process realization f belongs to this space
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Approximated RKHS learning
a Principal Component Analisys reminding approach

new goal: want to estimate only the first E coefficients (E � M):

f̂ (·) =
M∑

m=1

cmK (tm, ·) → f̂ (·) =
E∑

k=1

akφk (·) (3)

new notation: ym =
+∞∑
k=1

akφk (tm) + νm → ym = Cma + em + νm

Cm :=

[
φ1 (tm) . . . φE (tm)

]
a :=

 am
...
aE

 em :=
+∞∑

k=E+1

akφk (t1)

(4)

use a finite number of eigenfunctions ⇒ introduce correlated noise em
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Approximated learning - Bayesian approach

Prior on eigenfunctions weights a: (depends on the eigenvalues of
LK !)

Σa := diag (λ1, . . . , λE ) (5)

Bayesian approach: find the best linear estimator:

y = Ca + e + ν → â = cov (a, y) var (y)−1 y (6)

Numerical solution:

â = ΣaCT (CΣaCT + Σe + σ2IM
)−1 y (7)

approximation noise: Σe := var (e) can be small even for small E
computations load: O (M3) operations
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Centralized joint function and TD estimation

proposed solution: cost-function based regularization:

L := − lnP (t1,1, y1,1, . . . , tS ,M , yS ,M | τ1, . . . , τS , a1, . . . , aE )

+γ
E∑

k=1

a2
k

λk

(8)

⇒ proposed minimization uses a 2-steps gradient descent:
1 keep delays τi fixed and update the weights ak

2 keep the weights ak fixed and update the delays τi

Caveat: initialization will strongly affects results!
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Gradient descents steps

Weights ak update: (τi fixed)

1 join all the shifted data sets
2 compute f̂ as before

f̂ (t)
t

F

Time delays τi update: (ak fixed)

1 shift optimally each data set

f̂ (t)
t

F
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Distributed function estimation with known delays

1 assume to know the delays between the various functions
2 shift the various data sets
3 compute (locally) the eigenfunctions weights ak

i
4 make average consensus on the weights ak

i
5 shift back the eigenfunctions (locally)

t1 t2 t3

F1 F2 F3

result in general not equivalent to centralized estimate!
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Distributed joint function and TDE estimation

Hypothesis: data sets are conditionally independent given the delays
and the eigenfunctions weights:

P (t1,1, y1,1, . . . , tS ,M , yS ,M | τ1, . . . , τS , a1, . . . , aE ) =

=
S∏

i=1

P (ti ,1, yi ,1, . . . , ti ,Mi , yi ,Mi | τi , a1, . . . , aE )
(9)

Proposed solution: based on [Schizas et al., Consensus in ad hoc
WSNs with noisy links, 2008]

1 construct a constrained optimization problem (i.e impose
ai
k = aj

k)
2 distributely minimize it
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Simulations - distributed function estimation

time

wind strength (sensor A)

time

wind strength (sensor B)

process realization
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Simulations - distributed function estimation

time

wind strength (sensor A)

time

wind strength (sensor B)

process realization
measurements
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Simulations - distributed function estimation

time

wind strength (sensor A)

time

wind strength (sensor B)

process realization
measurements
estimated signal (1st iteration)
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Simulations - distributed function estimation

time

wind strength (sensor A)

time

wind strength (sensor B)

process realization
measurements
estimated signal (500th iteration)
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Simulations - convergence speed comparisons
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Conclusions and future work

Qualities of the proposed algorithms
good accuracy with compact representations

Drawbacks of the distributed algorithms
convergence can be extremely slow

results strongly affected by initialization

Future works
develop hierarchical approaches

characterize time delay estimators (biasness, variance)
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Integral operator associated to a Mercer Kernel
1th assumption: K (·, ·) is a Mercer Kernel

(continuous, symmetric, positive definite)
2nd assumption: input locations domain is compact
1th implication: K (·, ·) defines a compact linear

positive definite integral operator:
(LK f ) (tm) :=

∫
X K (tm, t ′) f (t ′) dt ′

2nd implication: LK has an at most numerable set of eigenfunctions:
φk (·) = λk (LKφk) (·) k = 1, 2, . . .

K (tm, ·) f (·) (LK f ) (tm)→
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Nonparametric approach

assumption: realizations live in a functions space: f ∈ HK

goal: search the estimate f̂ inside HK

motivations: functional structure of f could be not easily
managed by parametric structures

our approach: use Reproducing Kernel Hilbert Spaces

Workflow:

assume the existence of
K (·, ·) : Input locations× Input locations → R
use K (·, ·) to construct HK

use K (·, ·) + input locations + measurements to construct f̂
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RKHS based learning - Bayesian interpretation

Hypotheses:
f is a zero-mean Gaussian process
cov
(
f (tm) , f (tn)T

)
= K (tm, tn)

K is a Mercer Kernel
input domain is compact

Result: MMSE estimator f̂ = cov (f , y) var (y)−1 y is:

f̂ (·) =
M∑

m=1

cmK (tm, ·)

c = (Kt + γIM)−1 y t ′

t ′′

K (t ′, t ′′)

t

f̂ (t)
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How RKHSs are built

Theorem (with the previous hypotheses:)

K (·, ·) defines: (LK f ) (tm) :=
∫
X K (tm, t ′) f (t ′) dt ′

LK has (numerable) eigenvalues and eigenfunctions:
φk (·) = λk (LKφk) (·)
{λk} are real and non-negative: λ1 ≥ λ2 ≥ . . . ≥ 0

{φk (·)} is an orthonormal basis for the space

HK =

{
f ∈ L2 s.t. f =

∞∑
k=1

akφk with
∞∑

k=1

ak · ak

λk
< +∞

}

f1 =
∞∑

k=1

akφk , f2 =
∞∑

k=1

bkφk ⇒ 〈f1, f2〉HK
=

+∞∑
k=1

ak · bk

λk
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Example of kernel and eigenfunctions

Kernel for BIBO stable linear time-invariant systems:

K (t, t ′; β) =


exp (−2βt)

2

(
exp (−βt ′)− exp (−βt)

3

)
if t ≤ t ′

exp (−2βt′)
2

(
exp (−βt)− exp (−βt′)

3

)
if t ≥ t ′

0 0.25 0.5 0.75 1
−2

−1

0

1

2

time

ei
ge

nf
un

ct
io

ns

 

 

φ1 φ2 φ3 φ4
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Classic Time Delay Estimation

notation: f1, f2 = noisy and fixed delayed versions of the same f

classic TDE: maximization of L2’s inner product:

τoptimal = argmax
τ
〈f1(t), f2(t − τ)〉L2

f2(t − 0.7)

f1(t) f2(t)

0.7
−1.2

∼ optimal shift∼ optimal shift
t

F

f1(t) f2(t)
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Time Delay Estimation in RKHS framework

RKHS based TDE: maximization of HK ’s inner product:

τoptimal = argmax
τ
〈f1(t), f2(t − τ)〉HK

= argmax
τ

+∞∑
k=1

ak · bk(τ)

λk

Note: requires f1(t) and f2(t − τ) in the same reference system ⇒ for
each τ recompute the eigenfunctions weights bk(τ)

t

F
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RKHS based TDE: maximization of HK ’s inner product:

τoptimal = argmax
τ
〈f1(t), f2(t − τ)〉HK

= argmax
τ

+∞∑
k=1

ak · bk(τ)

λk

Note: requires f1(t) and f2(t − τ) in the same reference system ⇒ for
each τ recompute the eigenfunctions weights bk(τ)
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Simulations - temporal behavior of eigenfunctions
weights

2 4 6 8 10 12 14
−0.1

−0.05

0

Steps of centralized minimization algorithm

E
ig

en
fu

nc
tio

ns
 w

ei
gh

t

 

 

first eigenfunction
second eigenfunction
third eigenfunction

50 100 150 200 250 300 350 400 450 500
−0.08

−0.06

−0.04

−0.02

Steps of distributed minimization algorithm

E
ig

en
fu

nc
tio

n 
w

ei
gh

t

Damiano Varagnolo (DEI - UniPd) varagnolo@dei.unipd.it December, 18 2009 32 / 23


