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Abstract-Zedimensional finite elements are used to help 
directly incorporate models of nonlinear power electronic switch- 
ing devices into nonlinear transient magnetic finite element anal- 
ysis. Iko applications are considered: a buck regulator circuit 
and a transformer feeding a rectified load. 

I. INTRODUCTION 
Magnetic devices with nonlinear B-H curves are often 

analyzed using the finite element method, usually with the 
excitation current assumed known. If the excitation current 
is a known DC value, then a nonlinear magnetostatic analy- 
sis is made. If the excitation current is time-varying with a 
known waveform (including AC) and induced currents are 
significant, then a nonlinear transient finite element analy- 
sis is required [ 11. 

Oftentimes in practice, the current exciting a nonlinear 
magnetic device is unknown. If the excitation IS a linear cir- 
cuit, this circuit can be modeled by two basic methods. One 
method consists of adding the unknown circuit currents as 
unknowns to the finite element matrix equation [2],[3]. The 
other method consists of modeling the cvcuit wth zero-di- 
mensional finite elements [4]. 

In many cases, however, a nonlinear active electronic de- 
vice, such as a switching diode or switching transistor, is 
present in the excitation circuit or in another circuit at- 
tached to the magnetic device. Recent work has described 
modeling such coupled nonlinear problems by adding the 
unknown circuit currents to the finite element matrix equa- 
tion [5]. - 

This paper descriies a new method which uses zero-di- 
mensional finite elements to directly analyze the coupled 
roblem of nonlinear electronic circuits connected to non- 

L e a r  magnetic devices. In this paper a brief summary of 
the formulations used in the finite element program MSC/ 
EMAS is presented. In addition, the analysis results from 
two systems are presented: the switching of a buck regulator 
circuit, and a transformer feeding a rectified load. 

11. THEORY 
The matrix equation derived and solved by the MSC/ 

EMAS computer program is based on a three-dimensional 
formulation of Maxwell’s equations [6]. Maxwell’s equa- 
tions are solved by determining four unknown degrees of 
freedom (DOFs) at each node i (the comers of the ele- 
ments); three components of the magnetic vector potential 
A,., A,, A,. , and the time-integrated electric scalar poten- 

The formulation is based on the principle of virtual work 
61. By summing the virtual work associated with all of the 

lowing matrix equation is obtained: 

tial ty, . 

I inite elements during variations of the potentials, the fol- 

[MI ti} + PI I4 + [KI [U} = tq (1) 

where the matrix [MI is directly related to the permittivity of 
the materials modeled, the matrix [B] is related to the con- 
ductivity, the matrix [ K ]  represents the reluctivity of the sys- 
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tem, and the excitation applied to the system is represented 
by the vector {P}. Eq. 1 above can be rewritten m the fol- 
lowinn uartitioned form f61: 

The submatrices with the superscri t (AA) in Eq. 2above, 
represent the curl-curl equation otthe vector potential. 
The submatrices with the superscript (w) represent the 
charge continuity condition. The right-hand side of Eq. 2 
represents the excitations applied to the system. Volume 
excitationsfrom remanent magnetization ap ly to A’ DOFs 
only. Direct node point excitations on A’ D8Fs are also al- 
lowed in the form of node point current segments and con- 
strained current densities. Surfas excitations on A’ DOFs 
come from constrained values of H .  The only excitations on 
ly g m e  from surface excitations due to constrained values 
of J. 

Again, Eq. 2 is the eneral form of Maxwell’s equations. 
Based on the type of solution needed, some of the un- 
knowns and therefore corresponding partitioned matricies 
will be drop d. Since this paper deals with the coupled 
nonlinear eEtromagnetic field problem, the full matrix 
equation above is used for the transformer example. 

Zero-dimensional finite elements attach to the de- 
grees of freedom of the [MI, [B], and [K] submatrices [4]. 
The zero-dimensional elements used in this analysis in- 
clude resistors, capacitors, and inductors. Each of these 
elements has only two node points. A capacitor element 
contributes to the permittivity matrix [MI of Eq. 1 as fol- 
lows: 

(3) 

where C is the capacitance. A resistor element contniutes 
to the conductivity matrix [B]: 

(4) 

where R is the resistance, and the inductor element with in- 
ductance L contniutes: 

[K] = ci 1/L 
to the reluctivity matrix [K]. Substituting Equations 3, 4, 
and 5 into Eq. 1 gives the familiar circuit equation: 

C aV/at + VIR  + 1/L V dt = I  ( 6 )  
J 

where V is the differencebetween $J at the two node points. 
The formulations summarized above can be used to mod- 

el coupled electromagnetic-electronic systems. Often- 
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times such systems cannot be modeled directly in terms of 
the material properties: permittivity, conductivity, and per- 
meability alone. For instance, in situations where loads are 
handled as nonlinear functions of DOFs or their first-time 
derivatives, nonlinear loading (NOLIN1) capabilities are 
required. On the other hand, when DOFs are linear func- 
tions of other DOFs and their first- and second-time de- 
rivatives, these cases are handled using transfer functions 

In P m i c  analysis, nonlinear loading effects are treated 
by M C/EMAS as an additional applied load vector {N}, 
which is included in the excitation vector {P) and whose val- 
ues are functions of DOFs. Normally, nonlmear effects are 
modeled as nonlinear material properties, e.g., magnetic B- 
H curves. At times, however, it is useful to model additional 
nonlinear effects by applying a nonlinear load. In general, 
these loads are nonlinear functions of the potential DOFs 
and their first-time derivatives. Therefore, they can only be 
used in a transient analysis. 

The nonlinear loading capability used here is represented 

V). 

by: 
Nj(t) = SjF(uj) (7) 

where N i t )  is the load applied to the dependent DOF U i  , 
Si is a scalmg factor, F ( ~ ~ )  is a tabulated function, and uj is 
the independent DOF, or its first-time derivative. 

A transfer function represents a general nodal constraint 
between a designated dependent DOF u d  (and its time de- 
rivatives)and any number of other independent DOFs (and 
their time derivatives). This constraint takes the following 
form: 

(bo + blp + bzp2)Ud = 

where any of the coefficients may be zero. Here, the time 
derivative operator, ala?, is represented by p; thus, p2 is the 
second-time derivative. This above relationship is inter- 
preted as a differential equation with terms in the row of the 
dynamic matrices corresponding to the dependent DOFs. 
These capabilities will be illustrated in the two examples 
that follow. 

III. BUCK REGULATOR 
In the f i t  example, a buck regulator @C-DCconverter) 

is used to venfy the circuit modelin capability of MSC/ 
EMAS. The steady-state operation of a buck regulator cir- 
cuit consisting of a BJT power transistor, a diode, an induc- 
tor, a capacitor, and a resistor is predicted. A diagram of the 
circuit is displayed in Fig. 1. 

+ ab + a$p2)ui 
i # d  (8) 

Fig. 1. Buck Regulator Circuit 

The principal function of the circuit is to step down the 
voltage from an in ut DC source (V,) to a desired voltage 
(V,) across a load b~) .  The input and the output voltages 
are related through the duty cycle (k) such that V, = k V,; 0 
s k 1.1. For the circuit under study, Vc = 12 V DC and k 
= 0.4167. The valuesfor the rest of the circuit elements are 

indicated in Fig. 1 [7 . The circuit operation can be divided 

tor Q is turned on. The rising input current passes throu h 
L, C, and RL. Mode 2 starts at time t when Q IS switched off. 
In this mode, the freewheeling diode, D, starts conducting 
due to the energy stored in the inductor L. 

The buck regulator circuit model is shown in Fig. 2. -e 
model was constructed from three zero-dimensional rem- 
tor elements, a capacitor element, an inductor element, and 
a current source. The current source and the two resistors 
R1 and R2 are used to simulate the effect of the transistor 
and its base control circuit as well as the switching of the 
diode. The rest of the circuit is the same as shown. 

into two modes. M od e 1 starts at time t = 0 when the transis- 

Fig. 2. Finite Element Circuit Model 
The boundary conditions a plied to the model are as fol- 

lows: all three components orthe magnetic vector potential 
(Ax, A,,, and&) have been constrained to zero in the model. 
Therefore, the only potential left unconstrained is the elec- 
tric scalar potential ty. The units of ty are volt-seconds; 
thus, taking the derivative of II, with respect to time yields 
the voltage: 

The nonlinear loading caDability (NOLIN1) is used in the 
analysis to simulate theordoff shtes of the transistor and 
the diode. The transfer function (TF) is used to apply the 
switched on/off states to the rest of the circuit. 

The analysis was camed out over 125 cycles (5 ms) to en- 
sure that steady state conditions were reached. The analysis 
resulted in all of the currents and voltages in the network; 
however, only the load volta4e is shown here. The voltage 
obtained across the load resstor is plotted in Fig. 3. The 
load voltage is 4.46 volts DC with a U) millivolt peak-to- 
peak ripple. 

t 1  0 . W  ox)49z5 O . M %  O.DJW!5 0.m 
Tim tsecmdr) 

Fig. 3. Buck Regulator Load Voltage 
The circuit shown in Fig. 1 was also analyzed using the cir- 

cuit analysis program PSPICE. Here the transistor switch- 
ing was controlled using a train of pulses at its base. For 
comparison purposes, Fig. 3 shows the PSPICE load volta e 
in addition to the MSCIEMAS results. The PSPICE voft- 
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a e is com rised of an average DC value of 4.47 volts with a 4 miuivoII ripple. 
A close inspection of the waveforms given in Fig. 3 re- 

veals excellent agreement between the two sets of data. As 
a matter of fact, the differences are within 1%. 

Iv. TRANSFORMER 
In this second exam le, a system consisting of a trans- 

former feeding a rectltlkd load is anal ed. A sim le dia- 
gram of the circuit configuration is dispgyed in Fig. !below. 

0.25 v, = 
120 Sine u t  1.0 n 

- . 
Fig. 4. Thnsformer Circuit Model 

The finite element model of the transformer is given here 
in Fig. 5. The model consists of zero-, one-, and two-di- 
mensional finite elements. Three zero-dimensional resis- 
tor elements are used in the finite element model. %o re- 
sistors are used at the primary, and a load resistor is 
connected to the secondary. Primary and secondary wind- 
ings are each modeled using one-dimensional line ele- 
ments. The steel core is modeled with nonlinear B-H mate- 
rial characteristics. The core is laminated to eliminate eddy 
currents; therefore, a conductivity of zero is included in the 
analysis for the core steel. 

Fig. 5. Finite Element Xansformer Model 
A transient sinusoidal current source excitation is applied 

in parallel with a small resistor RN to create a Norton equiv- 
alent voltage source at the primary. The current source wa- 
veform oscillates sinusoidally with a frequency of 60 cycles 
per second. ’lko cles of the excitation are analyzed with 
time steps of O.& milliseconds (4.5 degrees). 

The nonlinear effects of the diode attached to the sec- 
ondary coil of the transformer is again simulated using the 
N O W 1  capability. Its function is to rectrfy the voltage and 
associated current established at the secondary coil. 
As is usually the case in a two-dimensional model, the X 

and Y components of the magneticvectorpotential are con- 
strained to zero at every node point. The Z component of 
the magnetic vector potential 1s constrained to zero along 
the four exterior boundaries of the steel core establishing a 
Dirichlet boundary condition there. The fourth potential, 
the electric scalar potential v ,  is constrained to zero at all 
node points except at the nodes which make up the elec- 
tronic circuit and the nodes which are indicated in the Fig. 5 
with a ground symbol. A periodic boundary condition is 
modeled between the ends of the line elements to establish 

the correct flux linkage and therefore the desired primary 
and secondary voltages. 

The MSC/EMAS analysis of the model of Fig. 5 resulted 
in the various current and voltage waveforms in the electric 
circuit along with the field values developed in the magnetic 
circuit. The transient voltages obtained across the primary 
and the secondary coils are plotted in Fig. 6. Note the pn- 
mary voltage is sinusoidal; but the secondary volta e is 

magnetic core m a t e d ,  and unidirectional as a result of the 
diode. 

peaked, which is expected due to the nonlinearity o f the 

E+l volts 

V 
4 , . . . , , . , ,  . . . . . . . . . . . . . . . . . . . . . . . .  

0 I 2 3 
TlFe  (s-) 

Fig. 7. Primary Voltage and Secondary Load Voltage 
V. CONCLUSIONS 

A new method which uses zero-dimensional finite ele- 
ments to directly analyze the coupled problem of switching 
power electronics and nonlinear magnetic devices was pres- 
ented. The method was used in a nonlinear transient analy- 
sis of two systems. In the first example, the method was 
used to predict the performance of a buck re ulator circuit. 
The results of the analysis compared favora%ly with corre- 
sponding results obtained using the network analysis pro- 
gram PSPICE. In the second example, the coupled power 
electronics and nonlinear magnetic field problem was con- 
sidered through the analysis of a transformer feeding a rec- 
tified load. As e ected, the load voltage was unidirectional 
as compared to’fke bidirectional primary voltage. In a fu- 
ture paper, this work will be extended to include the effects 
of turns ratio in a transformer system. 
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