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Abstract

The Lie point symmetries associated with a number of (2 + 1)-dimensional genera-
lizations of soliton equations are investigated. These include the Niznik – Novikov –
Veselov equation and the breaking soliton equation, which are symmetric and asym-
metric generalizations respectively of the KDV equation, the (2+1)-dimensional ge-
neralization of the nonlinear Schrödinger equation by Fokas as well as the (2+1)-
dimensional generalized sine-Gordon equation of Konopelchenko and Rogers. We show
that in all these cases the Lie symmetry algebra is infinite-dimensional; however, in
the case of the breaking soliton equation they do not possess a centerless Virasoro-
type subalgebra as in the case of other typical integrable (2+1)-dimensional evolution
equations. We work out the similarity variables and special similarity reductions and
investigate them.

1 Introduction

In the analysis of differential equations, the existence of a one-parameter Lie group of
symmetries can dramatically aid in understanding the integrability properties and obtain-
ing interesting solutions of them. Especially, this is true for nonlinear dynamical systems
and soliton possessing nonlinear partial differential equations (pdes) [1–3]. It is now well
accepted that in (1+1)-dimensions, soliton possessing pdes under similarity reductions
get reduced to odes, whose solutions are free from movable critical points and thus obey
the ARS (Ablowitz–Ramani–Segur) conjecture regarding the Painlevé property and inte-
grable nonlinear dynamical systems [3]. This has been indeed verified for a large class of
(1+1)-dimensional soliton systems [4].

In (2+1)-dimensions, integrable nonlinear pdes can show richer structures such as line
solitons, line breathers, dromions and so on [3,5]. The Kadomtsev–Petviashvili and Davey–
Stewartson equations are two of the earliest studied systems in higher dimensions which are
direct extensions of Korteweg–de Vries (KDV) and nonlinear Schrödinger equations (NLS),
respectively. These systems are solvable by the inverse scattering transform method,
namely the d-bar method [3, 5]. From the symmetry point of view both the systems
admit infinite-dimensional Lie symmetry vector fields [6, 7] of Kac–Moody–Virasoro type
and admit interesting classes of similarity reductions. Other interesting (2+1)-dimensi-
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onal evolution equations which were studied from a Lie symmetry point of view include
fourth-order Infeld–Rowlands equations [8], three-wave interaction equation [9] and the
generalized KDV equation [10] which also admit infinite-dimensional symmetry algebras.

There are many other important classes of (2+1)-dimensional nonlinear evolution equa-
tions which are direct extensions of (1+1)-dimensional soliton equations. These include
the symmetric extensions of KdV, NLS and sine-Gordon equations, namely the Niznik –
Novikov – Veselov (NNV) equation [11], (2+1)-dimensional generalization of the NLS equa-
tion of Fokas [12] and (2+1)-dimensional sine-Gordon (2DsG) equation of Konopelchenko
and Rogers [13]. Besides there are other interesting equations such as the breaking soliton
equation [5] and Strachan equation [14] which have interesting dynamical behaviour and
fall within the IST formalism.

In this article, we aim to study the invariance and symmetry properties of the above
type of (2+1)-dimensional evolution equations and show that in each of the cases there
exists an infinite-dimensional Lie symmetry algebra. However, we point out that for the
case of the breaking soliton equation, the Lie algebra does not possess a subalgebra of
the Virasoro type. We obtain the various physically interesting similarity reductions and
discuss the nature of solutions, wherever possible.

The plan of the paper is as follows. In sec.2 we discuss the Lie symmetries and similarity
reductions associated with the NNV equation which is a symmetric generalization of the
KdV equation in (2+1)-dimensions. We also find special solutions for certain cases. In
Sec.3, we investigate the invariance properties associated with breaking soliton equation
and present the possible similarity reductions associated with it. We also point out that
it does not admit a Virasoro-type subalgebra which seems to be typical of integrable
higher-dimensional nonlinear evolution equations. Finally in Secs.4 and 5 we present the
Lie symmetries and similarity reductions associated with the (2+1)-dimensional NLS and
2DsG equations introduced by Fokas and Konopelchenko and Rogers, respectively, in the
recent literature. In Sec.6 we present our conclusions, where we also mention briefly the
nature of symmetries of the Strachan equation.

2 Lie symmetries and similarity reductions
of the Nizhnik – Novikov – Veselov (NNV) equation

A symmetric generalization of the KdV equation in (2+1)–dimensions is the NNV equati-
on [11]

ut + uxxx + uyyy + ux + uy = 3(u∂−1
y ux)x + 3(u∂−1

x uy)y, (1)

where ∂−1 denotes the integral over the subscripts:

∂−1
y ux =

y∫
−∞

uxdy′, ∂−1
x uy =

x∫
−∞

uydx′.

Equation (1) admits the full Painlevé property, Hirota bilinearization and multidromion
solutions [15]. Tamizhmani and Punithavathi [10] have studied the Lie symmetries of a
nonsymmetrical version of eq.(1), by omitting the last term on the right–hand side and
the linear terms.
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To study the classical Lie symmetries associated with (1), we rewrite it as

ut + uxxx + uyyy + ux + uy = 3(uv)x + 3(uq)y, ux = vy, uy = ax. (2)

The invariance of eq.(2) under the infinitesimal point transformations

x → X = x + εξ1(t, x, y, u, v, q),
y → Y = y + εξ2(t, x, y, u, v, q),
t → T = t + εξ3(t, x, y, u, v, q),
u → U = u + εφ1(t, x, y, u, v, q),
v → V = v + εφ2(t, x, y, u, v, q),
q → Q = q + εφ3(t, x, y, u, v, q), ε << 1

leads to the expressions for the infinitesimals

ξ1 =
x

3
ḟ(t) + g(t), ξ2 =

y

3
ḟ(t) + h(t), ξ3 = f(t), φ1 = −2

3
uḟ(t),

φ2 =
2
9
ḟ(t)− 2

3
vḟ(t)− 1

9
xf̈(t)− 1

3
ġ(t), φ3 =

2
9
ḟ(t)− 2

3
gḟ(t)− 1

9
yf̈(t)− 1

3
ḣ(t),

(3)

where f(t), g(t) and h(t) are arbitrary functions of t and a dot denotes differentiation with
respect to time.

2.1 Lie algebra of symmetry vector fields

The presence of arbitrary functions f, g and h of t necessarily leads to an infinite-dimen-
sional Lie algebra of symmetries. We can write a general element of this Lie algebra
as

V = V1(f) + V2(g) + V3(h),

where

V1(f) =
x

3
ḟ(t)

∂

∂x
+

y

3
ḟ(t)

∂

∂y
+ f(t)

∂

∂t
− 2

3
uḟ(t)

∂

∂u
+(

2
9
ḟ(t)− 2

3
vḟ(t)− 1

9
xf̈(t)

)
∂

∂v
+
(

2
9
ḟ(t)− 2

3
qḟ(t)− 1

9
yf̈(t)

)
∂

∂q
,

V2(g) = g(t)
∂

∂x
− 1

3
ġ(t)

∂

∂v
, V3(h) = h(t)

∂

∂y
− 1

3
ḣ(t)

∂

∂q
.

The associated Lie algebra with these vector fields becomes

[V1(f1), V1(f2)] = V1(f1ḟ2 − f2ḟ1), [V2(g1), V2(g2)] = 0,

[V3(h1), V3(h2)] = 0, [V1(f), V2(g)] = V2

(
fġ − 1

3
gḟ

)
,

[V1(f), V3(h)] = V3

(
fḣ− 1

3
hḟ

)
, [V2(g), V3(h)] = 0,

which is obviously an infinite–dimensional Lie algebra of symmetries. A Virasoro – Kac
– Moody-type subalgebra is immediately obtained by restricting the arbitrary functions
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F, g and h to Laurent polynomials so that we have the commutators

[V1(tn), V1(tm)] = (m− n)V1(tn+m−1), [V1(tn), V2(tm)] = (m− 1
3
n)V2(tn+m−1),

[V1(tn), V3(tm)] = (m− 1
3
n)V3(tn+m−1), [V2(tn), V2(tm)] = 0,

[V3(tn), V3(tm)] = 0, [V2(tn), V3(tm)] = 0.

We have not pursued the further properties of these algebras here.

2.2 Similarity variables and similarity reductions

The similarity variables associated with the infinitesimal symmetries (3) can be obtained
by solving the associated invariant surface condition or the related characteristic equation.
The latter reads

dx
x
3 ḟ(t) + g(t)

=
dy

y
3 ḟ(t) + h(t)

=
dt

f(t)
=

du

−2
3uḟ(t)

=

dy
2
9 ḟ(t)− 2

3vḟ(t)− 1
9xf̈(t)− 1

3 ġ(t)
=

dq
2
9 ḟ(t)− 2

3qḟ(t)− 1
9yf̈(t)− 1

3 ḣ(t)
.

(4)

Integrating eq.(4) with the condition f(t) 6= 0, g(t) 6= 0, h(t) 6= 0, we get the following
similarity variables:

τ1 =
x

f1/3(t)
−
∫ t g(t′)

f4/3(t′)
dt′, τ2 =

y

f1/3(t)
−
∫ t h(t′)

f4/3(t′)
dt′, F = uf2/3(t),

G = vf2/3(t)− 1
3
f2/3(t) +

1
9
ḟ(t)

∫ t g(t′)
f4/3(t′)

dt′ +
1
9
τ1ḟ(t) +

g(t)
3f1/3(t)

,

H = qf2/3(t)− 1
3
f2/3(t) +

1
9
ḟ(t)

∫ t h(t′)
f4/3(t′)

dt′ +
1
9
τ2ḟ(t) +

h(t)
3f1/3(t)

,

where F,G and H are functions of τ1 and τ2. Under the above similarity transformations,
eq.(2) gets reduced to a system of pde in two independent variables τ1 and τ2:

Fτ1τ1τ1 + Fτ2τ2τ2 − 3(GF )τ1 − 3(FH)τ2 = 0, Fτ1 = Gτ2 , Fτ2 = Hτ1 . (5)

Since the original (2+1)-dimensional pde (2) satisfies the Painlevé property [15] for a
general manifold, the (1+1)-dimensional similarity reduced pde (5) will also naturally
satisfy the P-property and so is a candidate for a completely integrable system in (2+1)-
dimensions.

2.3 Lie symmetries and similarity reductions of eqs.(5)

Now the reduced pde (5) in two independent variables can itself be further analyzed for
its symmetry properties by looking at its own invariance property under the classical Lie
algorithm again. In this case we obtain the following three-parameter Lie symmetries,

ξ1 = c1τ1 + c2, ξ2 = c1τ2 + c3, η1 = −2c1F, η2 = −2c1G, η3 = −2c1H, (6)
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where c1, c2 and c3 are arbitrary constants. The corresponding Lie vector fields are

V1 = τ1
∂

∂τ1
+ τ2

∂

∂τ2
− 2F

∂

∂F
− 2G

∂

∂G
− 2H

∂

∂H
, V2 =

∂

∂τ1
, V3 =

∂

∂τ2
,

leading to the 3–dimensional solvable Lie algebra

[V1, V2] = −V2, [V1, V3] = −V3, [V2, V3] = 0.

Solving the associated characteristic equation

dτ1

c1τ1 + c2
=

dτ2

c1τ2 + c3
=

dF

−2c1F
=

dG

−2c1G
=

dH

−2c1H
,

we obtain the similarity variables

z =
c1τ1 + c2

c1τ2 + c3
,

w1(z) = (c1τ2 + c3)2F, w2(z) = (c1τ2 + c3)2G, w3(z) = (c1τ2 + c3)2H.

(7)

The associated similarity reduced ode follows from eqs.(5) and (7) as

c2
1(1− z3)w′′′

1 − 12c2
1z

2w′′
1 − (36c2

1z + 3w2 − 3zw3)w′
1−

3w1w
′
2 + 3zw1w

′
3 + 12w1w3 − 24c2

1w1 = 0,

w′
1 + 2w2 + zw′

2 = 0, w′
3 + 2w1 − zw′

1 = 0
(
′ =

d

dz

)
.

(8)

While the exact solution of eq.(8) has not been found for the general three-parameter
case, physically interesting solutions can be obtained for the special one-parameter choice
c1 = 0, c2 = c, c3 = 1 in eqs.(6). The associated similarity variables are

z = τ1 − cτ2, w1 = F, w2 = G, w3 = H

and they lead to the ”travelling wave” solutions. The reduced ode in this case becomes

(1− c3)w′′′
1 − 3w1w

′
2 − 3w2w

′
1 + 3c(w1w

′
3w

′
1) = 0, w′

1 = −cw′
2, w

′
3 = −cw′

1. (9)

Integrating the two last eqs.(9), we get

w1 = −cw2 + I1, w3 = c2w2 + I2,

where I1 and I2 are constants. Substituting these expressions into the first of eqs.(9), one
gets

w′′′
2 + K1w2w

′
2 + K2w

′
2 = k, (10)

where K1,K2 and k are constants given in terms of c, I1 and I2. Integration of (10) leads
to elliptic wave solutions.

2.4 Other special reductions

One can also obtain few other distinct similarity reductions for certain special choices of
the arbitrary functions f(t), g(t) and h(t).
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a)f(t) = 0, g(t), h(t) 6= 0
Similarity variables:

τ1 = x− g(t)
h(t)

y, τ2 = t, F = u, G = v +
ġ(t)
3g(t)

x, H = g +
ḣ(t)
3h(t)

x.

Reduced system:

Fτ2 + Fτ1τ1τ1 −
g3(τ2)
h3(τ2)

Fτ1τ1τ1 + Fτ1 −
g(τ2)
h(τ2)

Fτ1 − 3GFτ1 +
g′(τ2)
g(τ2)

F−

3FGτ1 + 3
g(τ2)
h(τ2)

(HF )τ1 −
(

h′(τ2)
h(τ2)

− g′(τ2)
g(τ2)

)
τ1 = 0,

Fτ1 = −g(τ2)
h(τ2)

Gτ1 , Fτ1 = −h(τ2)
g(τ2)

(
Hτ1 −

h′(τ2)
3h(τ2)

)
.

b) f(t) = h(t) = 0 and g(t) 6= 0
Similarity variables

τ1 = t, τ2 = y, φ̄1 = u, φ̄2 = v +
g′(τ2)
3g(τ2)

x, Φ̄3 = q

lead to the solution

φ̄1 = φ̄1(τ1), φ̄2 = φ̄2(τ1), φ̄3 =
τ2

3

(
φ̄1τ1

φ̄1
+

g′(τ1)
g(τ1)

)
+

φ̄3(τ1)
3

, (11)

where φ̄1, φ̄2 and φ̄3 are functions of τ1. Rewriting (11) in terms of the original variables,
one obtains the following particular solutions of eq.(2):

u = φ̄1(t), v = − ġ(t)
3g(t)

x + φ̄2(t), q =
y

3


·
φ̄1

φ̄1
+

ġ

g

+
φ̄3(t)

3
,

where g, φ̄1, φ̄2 and φ̄3 are arbitrary functions of t.
c) f(t) = g(t) = 0, h(t) 6= 0

As above, we obtain the special solution

u = φ̄1(t), v =
x

3


·
φ̄1

φ̄1
+

ḣ(t)
h(t)

+
φ̄2(t)

3
, q = − ḣ(t)

3h(t)
y + φ̄3(t),

where again h, φ̄1, φ̄2 and φ̄3 are arbitrary functions of t.

3 Lie symmetries and similarity reductions
of the breaking soliton equation

We now again wish to investigate the symmetries and similarity reductions associated
with another important (2+1)-dimensional generalization of the KdV equation, namely,
the breaking soliton equation of the form [5]

ut + Auxxx + Buxxy + 6Auux + 4Buuy + 4Bux∂−1
x uy = 0. (12)
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Eq.(12), in contrast to symmetric generalizations of eq.(1), is an asymmetric generalization
of KdV in the (x, y) spatial variables. Note that for the choice B = 0 eq.(12) reduces to
the KdV equation. Equation (12) possesses a Lax pair but the spectral parameter breaks
to be a multivalued function and hence the solution may also get multivalued [5]. It also
admits the Painlevé property for A = 0 and admits dromion-like solutions [16].

Making the substitution

u = ρx,

x∫
−∞

dx′uy = ρy,

eq.(12) can be rewritten as

ρxt + Aρxxxx + Bρxxxy + 6Aρxρxx + 4Bρxρxy + 4Bρxxρy = 0. (13)

We will investigate the Lie symmetries of eq.(13) under the one-parameter (ε) group of
transformations

x → X = x + εξ1(t, x, y, ρ), y → Y = y + εξ2(t, x, y, ρ),
t → T = t + εξ3(t, x, y, ρ), ρ → ∆ = ρ + εφ(t, x, y, ρ),

The infinitesimal transformations can be worked out to be

ξ1 = −c1x + f(t), ξ2 = 4Bc2t− c1y − c3, ξ3 = −3c1t− c4,

φ = −3A

2B
c2y + c1ρ + c2x +

1
4B

yḟ(t) + g(t),
(14)

where f(t) and g(t) are arbitrary functions, and c1, c2, c3, c4 are arbitrary parameters.

3.1 The Lie algebra

The Lie vector fields associated with the infinitesimal transformations can be written as

V = V1(f) + V2(g) + V3 + V4 + V5 + V6,

where f and g are arbitrary functions of t and

V1(f) = f(t)
∂

∂x
+

1
4B

yḟ(t)
∂

∂ρ
, V2(g) = g(t)

∂

∂ρ
, V3 = −x

∂

∂x
− ∂

∂y
− 3t

∂

∂t
+ ρ

∂

∂ρ
,

V4 = 4Bt
∂

∂y
+
(
−3A

2B
y + x

)
∂

∂ρ
, V5 = − ∂

∂y
, V6 = − ∂

∂t
.

The corresponding Lie algebra of the vector fields becomes

[V1(f1), V1(f2)] = 0, [V2(g1), V2(g2)] = 0, [V1(f), V2(g)] = 0,

[V1, V3] = V1(−f + 3tḟ), [V1, V4] = V2(f − tḟ), [V1, V5] =
1

4B
V2(ḟ),

[V1, V6] = V1(ḟ), [V2, V3] = V2(g + 3tġ), [V2, V4] = 0,

[V2, V5] = 0, [V2, V6] = V2(ġ), [V3, V4] = −2V4,

[V3, V5] = V5, [V3, V6] = 3V6, [V4, V5] =
−3A

2B

V2

g(t)
,

[V4, V6] = 4BV6, [V5, V6] = 0.
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The above algebra is obviously infinite-dimensional, however, its further analysis is not
performed here. However, one important point is that the above algebra does not contain
a Virasoro algebra, which is typical of integrable (2+1)-dimensional systems such as the
NNV equation discussed earlier and other integrable systems quoted in Introduction.

3.2 Similarity variables and reductions

Solving the characteristic equation associated with the infinitesimals (14), we obtain the
following similarity variables

τ1 =
x

Γ1/3
+

t∫
0

f(t′)dt′

Γ4/3
, τ2 =

y

Γ1/3
− 1

Γ1/3

[
4Bc2t

c1
− 4Bc2

2c2
1

Γ− c3

c1

]
,

F = ρΓ(1/3) − 6Ac2
2

c2
1

tΓ(1/3) +
9Ac2

2

4c3
1

Γ(4/3) +
3Ac2c3

2Bc2
1

Γ(1/3) −−3Ac2τ2

4Bc1
Γ(2/3)−

c2

∫ t 1
Γ1/3

[∫ t′ f(t′′)
Γ4/3

dt′′
]

dt′ +
c2τ1

2c1
Γ(2/3) +

c2

c1

t∫
tḟ(t′)dt′

Γ2/3
−

c2

2c2
1

t∫
Γ(1/3)ḟ(t)dt− c3

4Bc1

t∫
ḟ(t′)dt′

Γ2/3
+

τ2f(t)
4BΓ1/3

+

τ2

4B

t∫
c1f(t′)
Γ4/3

dt′ +
t∫

g(t′)dt′

Γ2/3
,

where Γ = (3c1t + c4).
Using the above similarity variables, the (2+1)-dimensional breaking soliton equation

(13) reduces to the 2-dimensional pde

AFτ1τ1τ1τ1 + BFτ1τ1τ1τ2 + 6AFτ1Fτ1τ1 + 4BFτ1Fτ1τ2 + 4BFτ1τ1Fτ2−

2c1Fτ1 − c1τ1Fτ1τ1 − c1τ2Fτ1τ2 = 0.
(15)

Eq.(15) can be further analyzed for its own invariance properties. Corresponding to a
simple three-parameter Lie group of symmetries, one obtains the similarity variables

z = τ1 − τ2, w = τ2 − F

so that (15) reduces to the ode

(A−B)w′′′ + (6A + 8B)w′w′′ + 4Bw′′ − 2c1w
′ − c1zw′ = 0. (16)

Eq.(16) can be shown to satisfy the Painlevé property.

3.3 Special similarity reductions

Besides the above general similarity reductions, one can find a number of special reduc-
tions corresponding to lesser parameter symmetries by choosing some of the arbitrary
parameters c1, c2, c3, c4 and c5 and arbitrary functions f(t) and g(t) to zero.

Important nontrivial cases are listed in Table I. One may notice that in cases 2,3,5–8,
the similarity reduction yields essentially variable parameter KdV equations, while the
case 4 leads to explicit solutions. The case 9 leads to the KdV equation.
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T
ab

le
I.

S
p
ec

ia
l
si

m
il
ar

it
y

re
d
u
ct

io
n
s

of
th

e
b
re

ak
in

g
so

li
to

n
eq

u
at

io
n

ca
se

pa
ra

m
et

er
Si

m
ila

ri
ty

va
ri

ab
le

s
R

ed
uc

ti
on

eq
ua

ti
on

/
so

lu
ti

on
re

st
ri

ct
io

n

1
c 1

=
0

τ 1
=

x
+

1 c 4

∫ f
(t
′ )
d
t′
,

τ 2
=

y
+

2B
c 2

c 4
t2
−

c 3 c 4
t

A
F

τ 1
τ 1

τ 1
τ 1

+
B

F
τ 1

τ 1
τ 1

τ 2
+

6A
F

τ 1
F

τ 1
τ 1

+

F
=

ρ
+

A
c 2 c2 4

t3
−

3A
c 2

c 3
4B

c2 4

t2
−

3A
c 2

2B
c 4

τ 2
t
+

c 2 c 4
τ 1

t+
4B

F
τ 1

F
τ 1

τ 2
+

4B
F

τ 1
τ 1

F
τ 2
−

f
(t

)
4B

c 4
τ 2

+
c 2 c2 4

[ ∫ t
( ∫ t

′

f
(t
′′ )

d
t′
′) d

t′
] +

∫ t g
(t
′ )

c 4
d
t′
−

c 3 c 4
F

τ 1
τ 2
−

c 2 c 4
=

0

B
c 2

2c
2 4

[ t2
f
(t

)
−

2
∫ t f

(t
′ )
d
t′
] +

c 3
4B

c2 4

[ tf
(t

)
−
∫ t f

(t
′ )
d
t′
]

2
c 1

=
c 4

=
0

τ 1
=

x
,

τ 2
=

t,
χ

=
F

τ 1
,

f
(t

)
=

0
F

=
ρ

+
[ 3A 4B

c 2
y

2
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4 Lie symmetries and similarity reductions of the (2+1)-
dimensional generalized nonlinear Schrödinger equation

The recently introduced (2+1)-dimensional generalized nonlinear Schrödinger equation of
Fokas [12]

iqt − (α− β)qxx + (α + β)qyy − 2λq
[
(α + β)v − (α− β)u

]
= 0,

vx =| q |2y, vy =| q |2x,
(17)

admits Lie symmetries in the following form when the complex scalar field is written as

q = a + ib,

where a = a(x, y, t), b = b(x, y, t) are real functions. The associated Lie symmetry vector
fields turn out to be

V = V1(f) + V2(g) + V3(h) + V4(l) + V5(m),

where

V1(f) =
1
2
xḟ(t)

∂

∂x
+

1
2
yḟ(t)

∂

∂y
+ f(t)

∂

∂t
−
(

1
2
aḟ(t)− 1

BA
bx2f̈(t) +

1
8B

by2f̈(t)
)

∂

∂a
−(

1
2
bḟ(t)− 1

8A
ax2f̈(t)− 1

8B
ay2f̈(t)

)
∂

∂b
− (vḟ(t) +

1
16B2C

y2
...
f (t))

∂

∂v
−(

uḟ(t) +
1

16A2C
x2

...
f (t)

)
∂

∂u
,

V2(g) = g(t)
∂

∂x
+

1
2A

bxġ(t)
∂

∂a
− 1

2A
axġ(t)

∂

∂b
− 1

4A2C
xg̈(t)

∂

∂u
,

V3(h) = h(t)
∂

∂y
− 1

2B
byḣ(t)

∂

∂a
+

1
2B

ayḣ(t)
∂

∂b
− 1

4B2C
yḧ(t)

∂

∂v
,

V4(l) = −bl(t)
∂

∂a
+ al(t)

∂

∂b
+

1
2AC

l̇(t)
∂

∂u
, V5(m) = m

∂

∂v
+

B

A
m

∂

∂u
,

where A = (α− β), B = (α + β) and C = λ. The nonzero commutation relations for the
Lie vector fields are

[V1(f1), V1(f2)] = V1(f1ḟ2 − f2ḟ1), [V2(g1), V2(g2)] = − 1
2A

V4(g1ġ2 − g2ġ1),

[V3(h1), V3(h2)] = − 1
2B

V4(h1ḣ2 − h2ḣ1), [V1(f), V2(g)] = V2

(
fġ − gḟ

2

)
,

[V1(f), V3(h)] = V3

(
fḣ− hġ

2

)
, [V1(f), V4(h)] = V4(f l̇),

[V1(f), V5(m)] = V (mḟ + fṁ).

(18)

One sees that Virasoro–Kac–Moody-type Lie algebras occur for all the three integrable
cases of the generalized (2+1)-dimensional NLS, the only difference being that coefficient
A in eqs.(18) takes different values for different cases. These forms are similar to that of
the Davey–Stewartson equations derived by Champagne and Winternitz [7]. Note that
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the above symmetries get modified for the limiting cases A = 0 (α = β) and B = 0 (α =
−β). They will be reported separately.

The similarity reductions can be performed as for the previous systems and the results
are similar to that of Champagne and Winternitz [7] but for minor details. The general
similarity variables in this case turn out to be

τ1 =
x

f1/2(t)
−
∫ t q(t′)

f3/2(t′)
dt′, τ2 =

y

f1/2(t)
−
∫ t h(t′)

f3/2(t′)
dt′,

a =
F2 sinU

f1/2(t)
, b =

F2 cos U

f1/2(t)
,

v =
1

f(t)

∫ t
(
− ḧ(t′)y

4B2C
−

...
f (t′)y2

16B2C
+ l

)
dt′ +

F3

f(t)
,

u =
1

f(t)

∫ t
(
− g̈(t′)x

4A2C
−

...
f (t′)x2

16B2C
+

g(t′)l(t′)
A

+
ṁ(t′)
2AC

)
dt′ +

F4

f(t)
,

where

U =
∫ t 1

f(t′)

(
−m(t′) +

ġ(t′)
2A

x +
f̈(t′)
8A

x2 − ḣ(t′)
2B

y − f̈(t′)
8B

y2

)
dt′.

Under this similarity transformation the reduced equation takes the form

AF2F
2
1τ1 −BF2F

2
1τ2 −AF2τ1τ1 + BF2τ2τ2 − 2BCF2F3 + 2ACF2F4 = 0,

2AF2τ1F1τ1 + AF2F1τ1τ1 − 2BF2τ1F1τ2 −BF2F1τ2τ2 = 0,

F3τ1 − 2F2F2τ2 = 0, F4τ2 − 2F2F2τ1 = 0.

(19)

Now performing the invariance analysis for the eq.(19), we find that the system is
invariant under the following five-parameter symmetry group:

ξ1 = −(1/2)c2τ1 + c4, ξ2 = −(1/2)c2τ2 + c5,

φ1 = c1, φ2 = (1/2)c2F2, φ3 = c2F3 + c3, φ4 = c2F4 + (B/A)c3,

where c1, c2, c3, c4 and c5 are arbitrary constants.

4.1 Similarity variables

The similarity variables associated with the above infinitesimal symmetries are

z =
τ1

c2τ1 − 2c5
− 2c4

c2(c2τ2 − 2c5)
,

w1 = F1 +
2c1

c2
log (c2τ2 − 2c5), w2 = (c2τ2 − 2c5)F2,

w3 =
(

F3 +
c3

c2

)
c2(c2τ2 − 2c5), w4 =

(
F4 +

Bc3

Ac2

)
c2(c2τ2 − 2c5).
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The reduced odes take the form

2Aw1zw2z + Aw2w1zz − 6Bc1c2w2 − 4Bc1c2zw2z − 2Bc2
2zw2w1z−

2Bc2
2z

2w1zw2z + Bc2
2z

2w1zzw2 = 0,

Aw2w
2
1z − 4Bc2

1w2 −Bc2
2z

2w2w
2
1z − 4Bc1c2w2w1z −Aw2zz + +2Bc2

2w2 + 4Bc2
2w2z+

Bc2
2z

2w2zz −BCw2w3 +
2ACw2w4

c2
= 0,

2w2w2z + 2w4 + zw4z = 0, w3z + 2c2
2w

2
2 + 2c2

2zw2w2z = 0.

Since the original pde (17) passes the P-test and the reduced ode will also admit the
P–property.

5 Lie symmetries of the (2+1)-dimensional sine-Gordon
equation

The (2+1)-dimensional integrable sine–Gordon equation introduced by Konopelchenko
and Rogers [13] in appropriate variables has the form

θxyt +
1
2
θyρx +

1
2
θxρy = 0, ρxy −

1
2
(θxθy)t = 0.

We list below the main results alone. Infinitesimal symmetries are

ξ1 = f(x), ξ2 = g(y), ξ3 = h(t), φ1 = m(t), φ2 = −ρḣ(t) + l(t),

where f, g, h,m and l are arbitrary functions of x, y and t, respectively. Here ξ1, ξ2, ξ3, φ1

and φ2 are the infinitesimals associated with the variables x, y, t, θ and ρ, respectively.
Vector fields are as follows:

V = V1(f) + V2(g) + V3(h) + V4(l) + V5(m),

where

V1 = f(x)
∂

∂x
, V2 = g(y)

∂

∂y
, V3 = h(t)

∂

∂t
− ρḣ(t)

∂

∂ρ
, V4 = l(t)

∂

∂ρ
, V5 = m(t)

∂

∂θ
.

The nonzero commutation relations among the vector fields are

[V1(f1), V1(f2)] = V1(f1f
′
2 − f2f

′
1), [V2(g1), V2(g2)] = V2(g1g

′
2 − g2g

′
1),

[V3(h1), V3(h2)] = V3(h1h
′
2 − h2ḣ1), [V3(h), V4(l)] = V4(lḣ + hl̇),

[V3(h), V5(m)] = V5(hṁ).

All other commutators vanish.
General similarity variables

τ1 =
∫ x dx′

f(x′)
−
∫ t dt′

h(t′)
, τ2 =

∫ y dy′

g(y′)
−
∫ t dt′

h(t′)
,

F = ρh(t)−
∫ t l(t′)

h(t′)
dt′, G = θ −

∫ t m(t′)
h(t′)

dt′.
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Reduced (1+1)-dimensional equation

Gτ1τ1τ2 + Gτ1τ2τ2 −
Fτ1Gτ2

2
− Fτ2Gτ1

2
= 0,

Fτ1τ2 +
Gτ1τ2

2
(Gτ1 + Gτ2) +

Gτ2Gτ1τ1

2
+

Gτ1Gτ2τ2

2
= 0.

(20)

Eq.(20) has a five-dimensional symmetry Lie algebra, leading to the reduced coupled odes:

c2
1(τ

3 − 1)w2τττ + 2c2
1(τ

2 − 1)w2ττ − 6c2
1τw2τ − 2τw1τw2τ − w1w2τ + w1τ + 2c1 = 0,

c2
1(τ

3 − 1)w2ττ + 2c2
1(τ

2 − 1)w2ττ − 6c2
1τw2τ + 2τw1τw2τ − w1w2τ + w1τ + 2c1 = 0.

Special reductions: They are given in Table II.

6 Conclusions

In this paper we have carried out invariance analysis for certain (2+1)-dimensional non-
linear evolution equations. Particularly, we have considered the NNV equation, breaking
soliton equation, generalized NLS equation, and 2DsG equation. While all these systems
admit an infinite-dimensional Lie algebra of symmetry vector fields, the breaking soliton
equation is not of the Kac–Moody–Virasoro-type while the others are. Our recent inves-
tigation shows that another system which is integrable but yet has a non Virasoro-type
infinite-dimensional Lie algebra is the Strachan equation [14]. The fuller implications of
the existence of both types of infinite-dimensional Lie algebras of symmetry vector fields
in (2+1)-dimensions and their connection to integrability deserve much further study.
Among these, the integrable breaking soliton equation does not admit a Virasoro-type
subalgebra, whereas other above integrable systems admit. Our present investigation also
shows that this type of algebras also does not exist in the higher-dimensional NLS in-
troduced by Strachan. Currently we are investigating the Lie algebraic structure and
similarity reductions associated with them. The results will be published elsewhere.
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